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Abstract

The problem of identification/tracking of quasi-periodically varying complex systems is considered. This problem is a generalization,
to the system case, of a classical signal processing task of either elimination or extraction of nonstationary sinusoidal signals buried in
noise. The proposed solution is based on the exponentially weighted basis function (EWBF) approach. First, the basic EWBF algorithm is
derived. Then its frequency-decoupled, parallel-form and cascade-form variants, with highly modular structure and reduced computational
requirements, are described. Finally, the frequency-adaptive versions of all schemes are obtained using the recursive prediction error method.
© 2005 Elsevier Ltd. All rights reserved.
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1. Introduction complex exponentials
Consider the problem of identification/tracking of coeffi- k S
cients of a complex time-varying system governed by 0i(t) = Z ai(neX=190 1=1, . ()
i=1

y(1) = Z 0, ()t — 1+ 1)+ v(t) = @ ()0() + v(1), The main purpose of this paper is development of algo-

-1 rithms capable of trackingy(r). Since the amplitudes and fre-

(1) quencies in (2) are time varying, system parameters change
over time in a periodic-like but not exactly periodic man-

wherer=1, 2, ... denotes the normalized discrete time,) ner. We will assume that for every frequency comporient

denotes the system outpit(r) = [u(t), ..., u(t —n+ 1] i=1,...,k, the expansion coefficients; (r),/ =1,...,n
is the regression vector made up of the past input samplesand the normalized angular frequencies(r) € (—m, 7
v(t) is an additive (white) noise, uncorrelated wittr), and are slowly time varying. The system, governed by (1)—(2),
0(1)=[01(t), ..., 0,(1)]" denotes the vector of time-varying  which obeys the above-mentioned limitation, will be further
impulse response coefficients, modeled as weighted sums ofeferred to agjuasi-periodicallytime varying.
One of the challenging potential applications, which un-
* A part of this paper was presented at the 13th IFAC Symposium fjef Certam Cond't!ons_ admits fo_rmmat"_)n presented_ abpve,
on System identification, Rotterdam, The Netherlands, August 2003. This IS adaptive equalization of rapidly fading communication
paper was recommended for publication in revised form by Associate channels. In modern wireless systems, distortion introduced
Editor Brett Ninness under the direction of Editor Torsten Soederstroem. jnto the transmitted signals is caused mostly by the multi-
This work was supported by KBN under Grant 4T 11A 01225. . ; ; ;
* Corresponding author. Tel.: + 48583472519; +48583415821. path ef_feCt .the _S|gnal re_aches the receiver along dl.fferent
E-mail addresses: maciekn@eti.pg.gda.pl (M. Niedzwiecki), paths, i.e. with different time delays. When the multi-path
piokacz@proterians.net.P. Kaczmarek). effects are dominated by few strong reflectors (scatterers)
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doi:10.1016/j.automatica.2005.04.011


http://www.elsevier.com/locate/automatica
mailto:maciekn@eti.pg.gda.pl
mailto:piokacz@proterians.net.pl

1504 M. Niedfwiecki, P. Kaczmarek / Automatica 41 (2005) 1503—-1516

and when the transmitter and/or receiver moves with a con- To our best knowledge, the paper presents the first rig-
stant speed, the impulse response of the channel (along wittorous treatment of the problem of identification of quasi-
the transmitter and receiver filters) can be modeled in the periodically varying systems. We are aware of only two ear-

form lier contributions to this problem, presented in the papers of
: Tsatsanis and Giannakis (1996)dBakkoury et al. (2000)
0,(1) = Z €. 1=1,... .n 3) However, since the identification algorithms proposed there

were based on the assumption that the estimated frequencies
are unknown but constant, they are not capable of track-
In this particular case(r) denotes the sampled baseband ing time-varying frequencies unless some heuristic modifi-

i=1

signal, received by the mobile radio syster,), r=1, 2, . .. cations are introduced.

denotes the sequence of transmitted (complex) symkols, The algorithms presented below are based on the expo-
stands for the number of different signal paths andi = nentially weighted least squares (EWLS) approach to the
1,...,k are the corresponding Doppler shifts. When the problem of system parameter and frequency tracking. In

speed of the vehicle changes over time, Doppler shifts arethe signal casen(= 1) an alternative, state space formu-
also time varying, which in a straightforward way leads lation of the tracking problem, which leads in a straight-
to (2). forward way to solutions based on extended Kalman fil-
For mobile radio channels the sinusoidal model describedter (EKF), was proposed bparker and Anderson (1990)
above has a long history, which goes bacliken (1967) andHilands and Thomopoulos (199%¥or real-valued sig-
Quite recently, a number of papers explored the possibility nals, and bNishiyama (2008)-for complex-valued signals.
of using it for equalization purposes—see d.gatsanis and  Even though the same method can be, in principle, applied in
Giannakis (1996) Giannakis and Tepedelengji” (1998) the system case, we are not aware of any EKF-based contri-

andBakkoury, Roviras, Ghogho, and Castanie (2000) bution to the problem of identification of quasi-periodically
Forn =1 andu(t) = 1 vt model (1)—~(2) becomes a de- varying systems.
scription of a noisy nonstationary multi-frequency signal The problem of identification of real systems (systems

with input/output signals and parameters described by real
numbers) was considered in the paperNigdZzwiecki and
Kaczmarek (2004b)it should be stressed, that the results
presented below cannot be obtained as a simple modification
The problem of either elimination or extraction of nonsta- or extension of results derived for real systems.
tionary sinusoidal signals buried in noise has attracted agreat The paper is organized as follows. In Section 2 the
deal of attention of researchers in the field of signal pro- identification problem is solved for a system with known
cessing. Most of the solutions proposed so far are based orconstant frequencies of parameter variation. Two frequency-
adaptive notch filtering. The conventional notch filter is de- decoupled versions of the resulting ‘global’ estimation
signed to cancel a sinusoidal interference with known con- algorithm (parallel-form and cascade-form), with reduced
stant frequencyng. When the instantaneous frequenag) computational complexity, are next proposed. The de-
of the signal is subject to small changes aroundefficient coupled algorithms are made up of identical (from the
cancellation is still possible, provided that the bandwidth functional viewpoint) blocks, which take care of different
of the notch filter is widened to accommodate for possible frequency modes of the identified system. In Section 3
changes ino(t). When the frequency changes are not lo- the recursive prediction error approach is used to derive
cal, e.g. there is a frequency drift, the frequency-adaptive frequency-adaptive versions of all algorithms described in
versions of the notch filter must be designed. Several dif- Section 2. Section 4 contains a critical overview of two
ferent algorithms for cancelling/retrieval of complex sinu- other algorithms for identification of quasi-periodically
soids, called cisoids, were proposed, e.g.Uband Mil- varying systems, proposed in the literature. Finally, Section
stein (1983) Pei and Tseng (1994Tichavsky and Handel 5 presents results of two simulation experiments.
(1995) and Padmanabham and Tichavsky (1998 inter-
esting comparative study of some of these solutions can be
found in the paper byichavsky and Nehorai (1997) 2. ldentification in the known frequencies case

When restricted to the special signal case discussed above,
the results developed in our paper offer new solutions to  Since the system governed by (1) and (2) is rapidly time
the problem of frequency tracking and adaptive notch fil- varying (only thechanges of parameter change® assumed
tering of complex signals. It should be stressed, however, to be slow), the problem of estimation éfr) cannot be
that signal processing algorithms do not constitute the main solved satisfactorily using the weighted least squares (WLS)
contribution of the paper and are regarded here merely asor least mean squares (LMS) approach. The WLS/LMS al-
a byproduct of the system-oriented analysis. Their relation- gorithms are designed for slowly varying systems and are not
ship to the existing solutions was examinedNigdzwiecki capable of tracking fast parameter changdge@@wiecki,
and Kaczmarek (2005) 2000. To obtain good estimation results, one has to rely

k
YO =00 +v() =Y a1 o). (4)

i=1
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on more specialized adaptive filters, such as the basis func-whereD(r) = f'(r) ® |, and|, denotes the: x n identity
tion (BF) algorithms. The basis function approach derives matrix. R
its name from the underlying model of parameter changes: The recursive algorithm for evaluation @) is given by
it is assumed that the parameter trajectory can be approxi-
mated by a linear combination of known functions of time, f()=Af( —1),
called basis functions. When the frequenecigs. . . , w; are
known and constant, the obvious choice of basis functions YO =11 @),
for (2) is: 8°1, ..., e For a predefined basis the method _ T oA,
of basis functions, which was originated Subba Rao 80 =y =¥ Ot - D,
(1970) is a straightforward extension of the least squares g(;) =t — 1) + I*(1)e(t),
approach. When the frequencies are not known and/or time
varying, solution of the identification problem, discussed in ) _ Q — Y1)
Section 3, is not trivial any more. L+yH®OQ1 — Dy @)’
Suppose, for the time being, that both the amplitudes and 1
angular frequencies in (2) are constant, i.e. that the change) () = Z[Q(r — 1) — IOy (1) Q@ — 1)1,
in system parameters are governed by (3). Let A

w =laz.....aul". i) =@M, i=1... k. 0(1) = D(0)a(1), 9)

(5) whereA = diag{ejw{ o ei“’k}_
Using the short-hand notation introduced above, (1) can be Since the algorithm (9) combines the basis function pa-

rewritten in the form rameterization with EWLS estimation, it will be further
k referred to as the exponentially weighted basis function
y(t) = Z l//,T(f)“i +v@) =y T (O + v(@), (6) (EWBF) algorithm Niedzwiecki, 2000.
im1 Another, equivalent form of the EWBF estimator, which
where will be very useful for our purposes, can be obtained by

rewriting (9) in a different system of coordinates. Using the
, linear time-varying transformation

T T T _ .
'/,(t) = [!//1 ), ... " l/lk (0] _f(t) ® (P(t)a ﬁ(l) — Ai,+1a(l), P(Z) — A;<t+l)Q(t)Alt,l+l,
f(r)y =1, ..., dT k(t) = A1(1), (10)

T TT
a=[aq,..., 0]

and ® denotes the Kronecker product. Note thatis the whereA, = A ® |, one can easily convert (9) into
vector of coefficients associated with a particular frequency .

w; and not with a particular impulse response parameter (1) = y(t) — @] (1) p(t — 1),

0;(¢). Similarly, ¥, (¢) is the generalized regression vector __ N

associated with thigh frequency component. This nonstan- B(t) = Au[B(t — 1) + k*(H)e(D)],

dard parameterization was adopted deliberately. Later on it P(t — Dpi (1)

will allow us to easily derive the frequency-decoupled ver- k(r) =

sions of the estimation algorithm. At @R (OP( = Vi)’
1
2.1. Basic algorithm P() =~ AXP(t — 1) — k(Do ()P — 1A,
Suppose now that the vectois slowly varying with time.  9(r) = Dof(¢), (11)

It is known that, in the case considered, one can tegck

using the method of EWLS. The EWLS estimatexafy can ~ Wherep () =A, " Y()=f Q) ®@p1)=[@" (1), ..., 0 () T,

be obtained from I

‘ andDo=D()A~ V= T()®I,)(A~*Dal,)=f" Do

a() =arg min» A" ly(s) — ¢ (9)af, 7) l,,. The last transformation follows from the identitX ®
e Y)(P®Q)=XP ®YQ which holds for Kronecker products.

where 7 (0</<1,1 — 4<1) denotes the so-called for- Note that the regression vectoy, (z), which appears in

getting constant—the design parameter which controls the&l]l)’ does not ?ep?rtlrc]i on the frﬁqusnms. o ks while
memory of the estimator, and hence allows one to trade-off e components of the generalized regression vagioy,

between its tracking speed and tracking accuracy. Based orfPPeANNgG In the original algorithm (9), are frgque.ncy de-
(7) one can estimate system parameters using pendent. For this reason the transformed algorithm is a more

N convenient starting point for derivation of the frequency-
0(1) =D()a(t), (8) adaptive version of the EWBF algorithm (see Section 3).
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It is interesting to note that the reparameterized algorithm
(11) corresponds to the followirtgackward-timedescription u(®) S y(®)
of parameter changes

k
0t —s+D =) bi()e s seT, (12)
i=1

whereT, =[1, ..., 1] andby; (t) =d® Vg, =1, ... n,
i=1,..., k. Since, for every >k, the subspace spanned l
by the basis sete®1®, ..., %5 s € T;} is identical with Bi(t)
the subspace spanned by the time-reversed conjugate basis £(1)
set{g Jort—s+D) — elok=s+D) ¢ c T} the backward-
time description (12) is equivalent to the forward-time de- EWBF: | ot — 1)
scription (3). Note that in the second case the basis set is
always ‘fixed’ ats =, i.e. at the end of the analysis inter-
val. Following (Niedzwiecki, 1990, 200§) the EWBF algo- Ba(t)
rithm (9), based on the forward-time model, will be referred
to as the running basis (RB) algorithm and the EWBF al-
gorithm (11), based on the backward-time model, will be
referred to as the fixed basis (FB) algorithm. It should be
stressed that both algorithms are strictly input—-output equiv- e(t)
alent, i.e. they vyield identical parameter estimaié9 for
identical data set(s), y(s), s=1, ..., t} and appropriately
chosen initial conditiong}(0)=A,,a(0), P(0)=A*Q(0)A,,).

The tracking characteristics of the fixed basis EWBF es-
timator, such as its associated frequency response and the Bi(t)
equivalent estimation memory, were derived and analyzed in
the paper byNied?wiecki and Ktaput (2003)Since the sys- Fig. 1 Block diagram of the parallel-form implementation of the EWBF
tem parameterization adopted in the papemMNigdzwiecki algorithm.
and Kiaput (2003]s different from the currently used pa-
rameterization, the FB algorithm presented there is equiva-«g|ohal’ algorithm (11) withk mutually coupled ‘local’ algo-

lent, but not identical with (11). Therefore, some caution is rithms, each of which takes care of a particular subsystem.
needed when using the resultsdiedzwiecki and Ktaput  The ith component algorithm can be easily derived from

L— EWBFy

(2003)in our current context. (11) by settingA, = p;1,, p; = d? and @y (1) = @(1). To
add some extra design flexibility, we will equip each sub-
2.2. Parallel decomposition algorithm with an independently assigned forgetting factor
Ai. The resulting decoupled parallel-form EWBF algorithm
Denote by (P-EWBF) can be written down as follows (sEfg. 1)
Yi(t) =i (e + v(t) gi() =3i(1) — @ OBt — D),

the output of théth subsystem of (6), i.e. subsystem asso- ’ﬂ\,- ) =p; []}i (t =1 + k()& ()],
ciated with the frequency;. Even though the signal; ()

is not available, one can easily estimate it using the formula ; (1) = - PL(I —De® ,
i + " ()Pt — Do)

k
0=y =) Sittle =1, P/(1) = %[ln —ki (e OIP; (1 — D),

iz i

i=1...,k,
where
k
Jitlt =D =y 0@ — = )it — 1) 0 =) piBi). (13)
i=1

is the predicted value of;(¢) yielded by the estimation R
algorithm designed to track parameters ofithesubsystem. Observe that1(t) =--- =g (1) = y(t) — Zle o (Pt —

Estimation ofy;(¢), in the way described above, allows 1)=¢(¢), i.e. all subalgorithms are in fact driven by the same
one to decompose the tracking algorithm, i.e. to replace oneglobal prediction errok ().
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To analyze the parameter tracking properties of algorithm
(13) we will rewrite the system equation (1) in the form u(®) S y(®)

k
YO =Y @t 00 @) + (),

i—1 co(t)
whered (1) =€e®i"a; is the vector made up of all terms that EWBF. | o ge—1) _F
change with the frequenay;. Note that(r)=Y"*_, 69 (¢). O
The quantityd”’ () should not be confused with (r)—the l a(t)
ith component of(). The estimate of® () can be ob- Bi(t)
tained from ei(t)

(i) ~ *p o~
0 () :p;cx,'(t) =piBi (). EWBF, Ta(tlt — 1) ,+:>
Assuming that the input sequencé) is stationary and er- l £2(t)
godic, it is possible to derive the following steady state for- Ba(t)
mula (see Appendix)
0" (1) =E0" 0)=T:(q How), (14)
where
1-4

Tiq™Y) = i — EWBF\

g T

and the expectation is taken ovgp(s), v(s), s<t}. It is
important to note that (14) holds fanyparameter trajectory, Bi(t)
i.e. the derivation isot based on the assumption that the
true parameter trajectory obeys (3).

According to (14), theith identification algorithm be-
haves, on the average, as a narrow band extraction filter
Ti(¢~1) centered at the frequeney;. When the forgetting

constant); is close to one, the 3dB bandwidth of this filter  the EWBFE algorithm (C-EWBF), the first recursion in (13)

Fig. 2. Block diagram of the cascade-form implementation of the EWBF
algorithm.

can be approximately expressedBusg=2(1 — ;). should be replaced with
Observe that the mean parameter estimation error is given R
by si(1) =&i-1() — @T (OPi (1 — 1), (15)
0 — 0" ()= (1~ Ti(gH)0() = Ni(q~H0(0), whereso(t) = y(@). | | o
The cascade-form implementations are widespread in sig-
where the filter nal processing. Consider a multi-frequency notch filter re-
. alized as a cascade of single-frequency filters. When the
Ni(g— D = 4= pig™) bandwidths of the component filters are sufficiently narrow,
ilg )= — - . -
1-/2ipiq so that they have negligible overlap, each section can elimi-

. . ) nate one sinusoid. The first section cancels one sinusoid and
can be easily re_cognlzed as the notqh filter centered at thetransmits the rest of the signal, with small distortion, to the
frequencya),-. Tr_us allows one o consider the EWBF algo- second stage, which cancels the second sinusoid (if present),
rithm a generalized notch filter. etc. The cascade-form parameter tracking algorithm (15) ex-

ploits the same frequency decoupling property of narrow-
2.3. Cascade decomposition band filters. Suppose that the ‘passbands’ of the extraction
filters T1(¢™ 1), ..., Tk (g~ 1) do not overlap, which can be

The decoupled algorithm presented in the previous sub- always guaranteed by adopting forgetting factors . . , A«
section is a parallel structure made upkatientical (from that are sufficiently close to one. Then

the functional viewpoint) blocks. Each block is designed N

to track a particular frequency component of the parameter ¢1(¢) = y(t) — (pT(t)ﬂl(t -1
vectorf(t). Connecting the same blocks so that they form a k

cascade (sefeig. 2), one obtains an interesting alternative to - Z o (0D (1) + v(r) + 1),
the parallel decomposition. To obtain the cascade variant of i—2
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where caused by the fact that in this case both the vector of ex-
T (1) pansion coefficients andthe generalized regression vector
GO = OO @) — 0"l = D] ¥ (1), which appear on the right-hand side of (6), are com-
If the bandwidth of the extraction filter is sufficiently narrow, Prised of or depend on unknown and possibly time-varying
the extraction erroé;(r) is negligible giving qua}ntltles. As a result, model (6) becomes nonlinear in the
estimated parameters.

) Denote byw = [w1, ..., )" the vector of unknown

e1( =Y @' M0V (1) + (1), and/or time-varying frequencies and létz, w) be the ex-
i=2 ponentially weighted measure of fit

Repeated use of this argument leads to

t
i Vit o) = % Y e, (17)
ei)= Y @0V W)+, j=2.... k-1, s=1

i=j+l wherey, 0<y < 1, is the forgetting constant, which will be

which means that the filters forming the cascade gradually used to control the speed of the frequency adaptation and

reduce the ‘spectral content’ of the identified system. £(s), as before, denotes the one-step-ahead prediction error
In the parallel scheme, subsystems identified by different yielded by the EWBF algorithm.

component algorithms do not overlap. In the cascade scheme To evaluate the estimate

the situation is different. Suppose that the frequency sepa- _

ration conditions, discussed earlier, are met. The subsystenf?() =arg minV (, )

identified (‘seen’) by the first algorithnad(z) =y (r)) is gov-

erned by we will use the recursive prediction error (RPE) approach.
. L According toSoderstrom and Stoica (1988he RPE algo-
YO =@ 0P (1) + v(t) + ea(0), (16) rithm can be expressed in the form
where o) =o( —1) — [Vt 0@ — )]V, 6@ — 1)),
k
er)=> " @10 ). where

i=2

According to (16), in addition to dealing with the measure-
ment noise (¢), the first filter, which aims at trackingf® (1),
must cope with an extra disturbanegr) due to the unmod- V" (1, ®(t—1)) =yV" (-1, ©(t—2))

eled process dynamics. And it is not until the last block in Os(t, o(t—1)) de* (¢, o(t—1))

the cascade is reached that this unmodeled dynamics com- +Re[ dw daT ]
ponent is entirely eliminated. Based on this observation it is

natural to expect that the estimates yielded by the first block and all derivatives are taken with respectioObserve that
will be prone to larger estimation errors than the estimates e

yielded by the second block, etc. Computer simulations, pre- g (z, w) a/; (t—1, w
sented in the last section, confirm this conjecture. ow ow

Vit o - 1)) ERe[a(t, ot — 1))%} ,

@r(1),

3. Ildentification in the unknown frequencies case

ow ow1 o Oy

~T o~ o~ T
B (o) [6[3(1,(») alf(t,w):|

Keeping the forgetting constaataway from 1 guarantees
that the EWBF algorithm will retain its tracking capabili- k' (7, @) [ak(h o) oK@, w)T
ties even if the corresponding frequencies, ..., w; are ow 0wy Owy
subject to small changes around their nominal values—see
Niedzwiecki and Kiaput (2003¥or a detailed analysis of
this property of EWBF filters. However, even though the 6[3(t w) 0A, (1, ®)
EWBF filter is robust to small local changes in frequencies, o oo
it will fail to identify the system correctly in the presence ! !
of a frequency drift. For this reason in this section we will LA, ) [aﬁ(l -1 m)
derive the frequency-adaptive EWBF algorithms, capable of Ow;
tracking the time-varying frequencies (r),i =1, ..., k. }

and

AL, 0)B(t, )

When system frequencies are unknown the identification +M8(L o) + K* (1, ») Oe (1, @)
problem becomes considerably more complicated. This is Owi Ow;
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P P() = TAX (PG — 1) — k(e (OOP( — DIA
o) om0 (1) = ZALOPE — 1) — kO (P — DIA (),
. - H ~ Y ~
,
0 (D=5 k()
-k l , ki(t) =61 [Pi(t— - H ()P (1— ,
(t, w) T o OPE Do) Ki(t) =0~ ~(OIP; (t—D)epi (1) —K (1) gy (1)P; (t —1) o (1) ]

~ 1~ ~ ~
Pi(=2ALOIPi( - -k (el (HP(-1)

oP(r,w) 1
= Z[A;P(t, ®) — P(t, ) A;] + =A% (1, ~ ~
vy ARG @) = PO o)A+ 28,0 0) — kP OBt - DIAL()
Pt -1 Okt o) J
_ — =[P(t)A; — A;P(1)],
« [ - D g Pe - 1.0) +LiPw) %)
Pt—1 YT =
—k(, w)o}! (r)%} At ), &)= jAiB(®) + Ap(DI& (r — 1) + K (1)e()
' +K*()n; ()],
where
i=1...,k,
A; =diag(0,...,0,1,0,...,0}®1,. —~ -~
-7 T 0(t) = Do(1) B(1). (18)
Let Using the well-known matrix inversion lemm&dgderstrom
& Stoica, 1988 one arrives at the following recursive
e(t) =e(t, (1)), scheme for computation of the mati®(r) in (18)
n(r) =0e(t, o(r — 1)) /0w, G 1(t) = Re(F (1)},

P(r) =P(1, (1)),

F(t — Dyt ()F — 1)] _

1
F(t)= - |F(t — 1) —
® v[ =D R ORG - D)

k(t) =k(t, o)),

G(t)=V"(t, & — 1)), The procedure summarized above will be further referred to
N - as the global search algorithm.

A(t) = diagld®®, ..., dor)y The frequency-adaptive counterparts of the decomposed

—~ —~ EWBF algorithms (13) and (15) (denoted as P-AEWBF and

An() =AM) @ ln, C-AEWBF, respectively) can be written down in the follow-

Do(r) = [e ™10 S ing unified form

&) =z(1) — T (OBt — ),

01 = —@T (& (1 = 1),

gi(1) =7;8i(t = 1) + In; (O,

Di(1) =i (t = 1) — g; () Rl ()11} ()],
i) =0,

Using the notation introduced above, the frequency-adaptivek; (r) = Pit — Do)

T oH P, *
version of the fixed basis EWBF algorithm (11), further i + @R OPi (1 = Do)
denoted as AEWBF, can be written down in the form

n; (1) = 0e(t, o(r — 1)) /0w;,

&(1) = 0B(r. &(1) /O,

P (1) = 0P(t, &(1)) /Oy,

ki (1) = 0k (t, &(1)) /0wy,
i=1..., k.

1
Pi(t) = —[l, — ki)™ ()IPi(r — 1),

£(t) = y(t) — o] (OB — 1), &

0O = -l &G -1, i=1,....k Bi() =Bt — D + k(e (1],

G(1) =9G( — 1) + Rep()n™®)1, &)= jBi () + P (DIE( — 1) + K (O ()],
o) =o@ —1) — G L) Ree()n* )], i=1...k,

3(t) = 2+ @ (Pt — D (1),

k
0= DrBi). (19)
k() =6"X0)P(r — Vi (1), i1
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In the parallel realization one should sgtr) =i (¢), which 3.2. Selection of design variables
leads tee1 (1) =- - -=ex (1) =y (1) —@" (1) _5_1 Bi (1—D)=¢ (1)

In the cascade realization one should ws@) = y(¢) and The tracking properties of the global search AEWBF al-
zi(t) =& _1(t),i > 1. gorithm (18) depend on two design variables: the forget-
Since the quantitiek; (r) andP; (), which appear in (13)  ting constant., which controls the bandwidth of parameter

and (15), do not depend om, one arrives ak;(t) = 0, tracking, and the forgetting constantwhich controls the

P;,(t) =0, i =1,...,k. For this reason the corresponding bandwidth of frequency tracking. Generally speaking, both
terms are absent from the decomposed algorithm (19), whichforgetting factors should be chosen so as to trade-off the
further simplifies its computational structure compared to tracking speed of a generalized adaptive notch filter (which
(18). decreases with growing andy) and its noise rejection ca-
pability (which increases with growing andy). We have
found out experimentally that good results are usually ob-
tained when the frequency tracking bandwidth is larger (but
not significantly larger) than the parameter tracking band-
width, e.g.

3.1. Initialization

To start the global search algorithm one shoulc%@) =
0, P(0)=0l;, whered denotes a large positive constant—this
is a standard initialization procedure for all RLS-type re-
cursive estimation algorithm&@derstrom & Stoica, 1988
The recommended settings for the remaining startup vari- The tyning problem is then reduced to selection of a single
ables areﬁ,- 0)=0,P;(0)=0, i=1,...,k andG(O) =¢lyg, design variablé..
wheree is a small positive constant.

The analogous initial conditions for the decomposed al-
gorithms are

1—y=2(1—J). (22)

For a simplified, gradient version of the AEWBF algo-
rithm some analytical results are now available, showing
how performance of a generalized adaptive notch filter de-
. pends on selection of its design variables—Nestizwiecki
Bi(0)=0, Pi(0)=0dl,, g0 =¢ &0 =0, and Kaczmarek (2005Even though restricted to a simple

i=1...,k (20) case (single-frequency mode, random walk frequency vari-

ation), the analysis presented in the papeMNgdzwiecki
Some caution is needed when choosing the initial frequencyand Kaczmarek (2005provides interesting insights into
estimates. When no prior knowledge about the frequenciesthe tracking capabilities and tracking limitations of gen-

w1, ..., wy is available, one can set eralized adaptive notch filters, including the associated
speed/accuracy trade-offs, performance optimization issues
®;(0)=0, i=1..., k. (21) and the achievable tracking bounds. Extension of these re-

sults to the RPE algorithm (18) seems to be a difficult task.

Such zero initial conditions yield good results when applied Nevertheless, most of the qualitative observations made by

to the global search and cascade-form algorithms, but un-NiedZwiecki and Kaczmarek (2005emain valid in this

der certain circumstances they may cause problems whermore complicated case. _ _

applied to the parallel-form algorithm. When subsystems cor_respondlng to different frequency
Actually, suppose that all subalgorithms comprising the Modes change with different speeds, the frequency-

parallel scheme are initialized according to (20)—(21) and decoupled parallel-form and cascade-form algorithms (19),

that they are equipped with the same forgetting constants,allowing one to assign forgetting factors and y; indi- -

e = =i =iandy, ==y =7 Then, due vidually for each ofk subalgorithms, have. some potentlgl

to the symmetry of the parallel scheme, the identical initial @dvantage over the global search algorithm (18), which

conditions will force all subalgorithms to behave identically @Pplies the same forgetting factors to all frequency modes.

also fort > 0. Since this implies thaby (t) = - - =& (t) ¥, O_f_ course, to make_ good use of thl_s extra design flexi-

it is clear that the frequency adaptation mechanism is in Pility, one should either know or estimate the degree of

this case crippled. Note that the situation does not change ifionstationarity of the identified modes. Therefore, unless

nonzero initial conditions are adopted as long as the samethe forgetting factors are assigned in an adaptive fashion

starting values are used in all subalgorithms. (Such fully adaptive schemes were already proposed in the
The initial convergence deadlock, described above, Signal identification case, see elgragosewt’& Stankove,

is a typical unstable equilibrium point. Therefore, even 1995a,p, we recommend using identical settings in all

the slightest differences in the initial conditions will —Subalgorithmsfy =--- = Ak, yp=--- = 7).

make parallel-form algorithm work correctly. The eas-

iest way of avoiding initial convergence problems is 3.3. Selection of the number of frequency modes

to use randomly generated initial conditions;(r) ~

N (O, 0'%), i=1,...,k Whereog is a small number (e.g. So far we have assumed that the number of harmonic

0% =10"%). components, denoted lyis known a priori. The problem of



M. Nied¢wiecki, P. Kaczmarek / Automatica 41 (2005) 1503-1516 1511

estimation ofk was recently analyzed hyliedzwiecki and Table 1

Kaczmarek (2004a)The proposed solution is based on Comparison of computational complexity of different EWBF algorithms
localization of dominant peaks of the so-called system ajgorithm Total complexity
periodogram, evaluated for a short initial fragment of in-
put/output data. System periodogram is a generalization, to
the system case, of a classic concept of signal periodogram
As shown in the paper byiedzwiecki and Kaczmarek

RB EWBF 22k2 1 6nk + k
FB EWBF 25n2k? + 6.5nk — n% + k
"P-EWBF, C-EWBF 22k + Tnk

(2004a) the number of statistically significant periodogram aAewsF 25n2k2 + 7.5nk — n2k + 2k2
peaks can be reliably determined using the appropriately re- +[4n°k? + 6nk — nk + k 1k
defined version of the Akaike’s final prediction error (FPE) P-AEWBF, C-AEWBF 2%k + 10nk + 4k

criterion. Moreover, the results of such nonparametric anal- , genotes the number of system coefficients &ni the number of
ysis can be used to determine initial conditions needed to frequencies.

smoothly start (start without initialization transients), or

restart, the model-based tracking algorithms.

Another approach to the problem of selectiorkpbased  consideration special features of some of the involved ma-
on simultaneous detection of pairs of related peaks in two trices, such as conjugate symmet&y({), P(r), F(¢), P; (¢),
cyclic spectra of system output, was described’bgtsanis P, (1), i =1....,k) and diagonal or block diagonal structure
and Giannakis (1996) (A,A,, A, (1), D(1), Do, Do(2)). Note very high complexity

From the practical viewpoint it is important to know what  of the frequency-adaptive version of the basic algorithm

happens when the adopted number of frequency modes isand low complexity (linear in the number of frequencies)
greater or smaller than the number of true frequencies. Theof its decomposed variants.

rigorous analysis of the effects of overparameterization and
underparametrization is beyond the scope of this paper. We
note, however, that we have no simulation evidence of any 4. Comparison with known results
serious problems caused by overparameterization. Quite ob-
viously, the cascade-form implementation is insensitive to  To our best knowledge the only results published so far on
overparameterization. Since all signals are propagated in ondrequency tracking for the purpose of identification of quasi-
direction, from the first block to the last one, addition of periodically varying systems, are those presented in the pa-
superfluous blocks at the end of the cascade does not afpers ofTsatsanis and Giannakis (199%)dBakkoury et al.
fect operation of the preceding blocks. The corresponding (2000) Both papers suggest gradient frequency corrections
superfluous frequency estimates seem to randomly fluctu-that can be used in combination with the running basis al-
ate, with large variance, around the zero frequency, without gorithm (9)—(8). Unfortunately, in both cases the derivations
adversely affecting the true frequency estimates. In the par-were based on the assumption that the estimated frequen-
allel structure, the superfluous estimates tend to lock ontocies are unknown but constant, leading to frequency tracking
the true frequencies. The same behavior was observed foralgorithms that simply do not work unless some heuristic
the global search algorithm. modifications are introduced.

If the number of frequencies is underestimated (which is  Adopting the instantaneous measure af fit, )=|e(1)|?
not very likely to happen if the FPE test is used, since the and assuming that
Akaike’s criteria show tendency to overfit the selected mod-

(1) — jowit
els), all algorithms tend to focus on dominant, i.e. largest- Vi) = p(n)e". (23)
power frequency modes. Bakkoury et al. arrive at the following gradient search pro-
cedure:
3.4. Computational complexity i (1 +1) = 0; (1) — pJj ([@(1)), (24)
Table 1 presents comparison of computational com- where
plexity (the number of complex multiply/add operations , ~ 0J(t, )
; . Ji(o@1) = ——
per time update) of the basic (global search) frequency 00 |y—air)
adaptive algorithm (AEWBF), given by (18), and for its :2Re{jte(t)e’ja’f(’)‘(pH(t)?x‘;‘(t _ 1) (25)

decomposed, parallel-form (P-AEWBF) and cascade-form
(C-AEWBF) variants, given by (19). To show computa- and x> 0 denotes a small adaptation gain (stepsize). The
tional overhead due to frequency adaptation, the analogousproblem is caused by the fact that relationship (23) implies
data for the fixed-frequency RB EWBF algorithm (9), FB that the estimated frequencies are time-invariant. There-

EWBF algorithm (11) and the decomposed P-EWBF and fore it leads to the algorithm capable of estimating frequen-
C-EWBF algorithms (given by (13) and (15), respectively), cies that are unknown butonstant Note that the gradi-

were also included infable 1 All evaluations take into  ent, evaluated according to (25), increases with time, which
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is understandable assuming that the seeked frequencies ar&ble 2 _

time-invariant, but is completely unreasonable if they are Design parameters of the compared algorithms

time varying. _ _ _ Algorithm Parameter ~ Frequency o2
The same assumption was made in the earlier paper of tracking tracking

Tsatsanis and Giannakis (1996yhich describes the gra- - s
; AEWBF 2=099  7=098 0.206  23x 10

dient search frequency tracker based on the averaged mea-

Qi
SN

e : P-AEWBF  1=099 7=098 0.207 46x 1078
sure of fitJ (1, ) =1/N3,_; yi1/(n, ®). The authors,  cagwer ;=099 ;=098 0255 213x 1076
probably motivated by the negative simulation evidence, 1_g =099 p=22x105 0218 232x10°8
suggested elimination of the factbiin (25) (‘so that the N =20

gra_‘dlem dqes not Increasﬁlndeflanely with time’) a”d, PEM- The last two columns show the steady state values of the prediction
odic resetting of the phase; ()¢ using mod z (‘to avoid error variances? and the average frequency estimation error variance
overflow and numerical problems’). Without these two &2 = (3, +02,)/2 observed under time-invariant conditions.
heuristic modifications the algorithm proposedTsatsanis
and Giannakis (1996Joes not work satisfactorily.
The computational complexity of both algorithms men-
tioned above is equal tai2k? + Tnk + k. find settings yielding exactly the same prediction and fre-
quency tracking performance of the compared algorithms).
Note also that the C-AEWBF algorithm yields larger steady
5. Computer simulations state errors than the P-AEWBF algorithm, which is a con-
sequence of specific error propagation properties of the cas-
A large number of simulation experiments were per- cade scheme, discussed in Section 2.3.
formed to check the initial convergence and frequency One of the most important aspects of the problem of
tracking/matching capabilities of algorithms discussed in frequency estimation/tracking is correct frequency match-
Sections 3 and 4. The results presented below were ob-ing. The difficulty is caused by the fact that the minimized
tained for a hypothetical time-varying communication cost function has one global minimum, corresponding to the

channel with two impulse response coefficierfis(z) correct frequency assignment, and a large number of local
and 02(t) (n=2), each of which was modeled as a lin- minima, corresponding to incorrect or partially correct as-
ear combination of two complex exponentialk=(2). signments. By partially correct assignments we mean all
The weighting coefficients in (2) had constant values situations where two or more estimates(z) lock onto
a=[a11, a1, az1, az]'=[2, 0.5j, —J, 15]". The input sig- the same frequency, while some other frequencies are not
nal was the white 4-QAM sequence(f) =+1+ j, 02 =2) matched at all. Basically, the incorrect frequency matching
and the noise was complex Gaussian with variarfce 0.2. can occur in three situations: (i) in the initial convergence

Four frequency-adaptive algorithms were compared: phase, if the starting values of frequency estimates are far
the global search algorithm (AEWBF), given by (18), the from the true frequency values; (i) in the ‘steady state’track-
parallel-form (P-AEWBF) and cascade-form (C-AEWBF) ing phase, when some of the frequencies become too closely
variants of the global search algorithm, given by (19), and spaced; (iii) after a sudden frequency change—which, from
the algorithm proposed by Tsatsanis and Giannakis (T—G).the qualitative viewpoint, is similar to (i) above.

Since the algorithm proposed Wakkoury et al. (2000) In all initial convergence tests the frequenciesand w;
is not capable of tracking time-varying frequencies, it was were kept constant. To avoid the initial convergence ‘dead-
excluded from the comparison. lock’, which occurs when identical initial conditions are

Since all compared algorithms use EWLS in their param- adopted for all blocks in the parallel estimation scheme, the
eter estimation loops, they were equipped with the same starting values of the frequency estimafeg0) and @2 (0)
forgetting constantd = A1 = A, = 0.99. In agreement with  were set to two different numbers close to zero. The typical
(22), the forgetting constants which control the frequency results are depicted iRig. 3. For all simulation runs, cor-
tracking loops in the AEWBF, P-AEWBF and C-AEWBF responding to different realizations of the input and noise
algorithms, were set t9 = y; = y, = 0.98. To make the  sequences, the frequency estimates yielded by the decom-
comparison fair, the analogous tuning variables of the T-G posed algorithms P-AEWBF and C-AEWBF, locked onto
algorithm (@ andN) were chosen so as to guarantee that the the true values. The global search algorithm AEWBF prop-
compared algorithms behave similarly under time-invariant erly matched the basis frequencies in a majority of cases
conditions. All design parameters and the corresponding (more than 80%). In contrast with this, the gradient search
steady state tracking variances are showiiahle 2 Note algorithm of T—G failed to find the proper frequency values
that for the selected tuning variables the mean square pre-n all initial convergence tests.
diction errors of the AEWBF and P-AEWBF algorithms It should be stressed that none of the algorithms guaran-
are slightly smaller, and the mean square frequency estima-tees global convergence of the frequency estimates. In the
tion errors are slightly larger, than the corresponding quan- presence of large estimation errors, e.g. due to frequency
tities measured for the T-G algorithm (we were unable to jumps or adverse initial frequency assignment, all schemes
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Fig. 3. True basis function frequencies (solid lines) and their estimates Fig. 4. Instantaneous basis function frequencies (solid lines) and their
(dotted lines) obtained in the initial convergence period using the pro- estimates (dotted lines) obtained using the proposed AEWBF algorithm (a)
posed AEWBF algorithm (a) and its decomposed parallel-form (b) and and its decomposed parallel-form (b) and cascade-form (c) variants. Plot
cascade-form (c) variants. Plot (d) shows the results yielded by the gra- (d) shows the results yielded by the gradient search algorithm proposed
dient search algorithm proposed bgatsanis and Giannakis (1996) by Tsatsanis and Giannakis (1996)

have problems with correct frequency matching. Therefore, in the middle of the analysis interval. One of our main con-
the results summarized above should be regarded as an ineerns was behavior of the tracking algorithms after reaching
dication of robustness of the compared algorithms to large the crossover point.
errors, and not as a convergence statement. In the signal The results obtained for the proposed algorithms
identification case an interesting robustness study (for a sin-(AEWBF, P-AEWBF and C-AEWBF) were satisfactory,
gle cisoid) was provided biandel, Tichavsky, and Savaresi both in terms of frequency matching (s€&. 4 and in
(1998) Finally, we note that the initial convergence prob- terms of parameter tracking (s€ey. 5—after passing the
lems can be almost completely avoided if the initialization crossover point both frequency estimatésr) and w»(¢)
technique described yiedzwiecki and Kaczmarek (2004a) usually followed the correct values; (¢) andwa(t), respec-
is used. tively. The AEWBF algorithm consistently showed the best
To check the steady state frequency tracking/matching ca-performance. This was hardly a surprise, since the global
pabilities of the compared algorithms, linear changes in fre- search algorithm (18) incorporates cross-coupling between
quencies were enforced after the initial convergence periodthe estimates of different frequency components, while its
was over (to guarantee correct frequency matching in the decomposed variants use the local search strategy. As ex-
startup phase, the initial frequency estimates were set to thepected (see remarks at the end of Section 2.3), the parallel-
true values). The trajectories a@fi (1) andwx(¢) intersected form algorithm P-AEWBF yielded better results than the
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Fig. 5. Real part of the true system parametefr) (solid lines) and its
estimates (dotted lines) obtained using the proposed AEWBF algorithm (a)
and its decomposed parallel-form (b) and cascade-form (c) variants. Plot
(d) shows the results yielded by the gradient search algorithm proposed
by Tsatsanis and Giannakis (1996)

Table 3
Estimates of the prediction error variance and frequency estimation vari-
ance obtained for 50 simulation runs

Algorithm a2 52

AEWBF 0.318 199 x 106
P-AEWBF 0.760 %5 x 1076
C-AEWBF 1039 207 x 107°
-G 1.164 118 x 104

cascade-form algorithm C-AEWBF. The algorithm of T-G
performed worse than any of the proposed algorithms.
Table 3shows the average values of the frequency esti-
mation error variancé? = (62, + ¢2,)/2 and the predic-
tion error variancerg, observed for € [2001 500Q in 50
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simulation runs. Note that the quantitative results, gathered
in Table 3 fully confirm our qualitative ratings of the com-
pared algorithms.

6. Conclusion

The problem of identification/tracking of quasi-periodically
varying complex systems was considered.

In the first part of the paper, the exponentially weighted
basis function approach was used to solve the estima-
tion/tracking problem for almost periodically varying
systems, i.e. systems characterized by known constant
frequencies. Adoption of a special system parameteriza-
tion allowed for a frequency decomposition of the basic
algorithm. The resulting parallel-form and cascade-form
algorithms have a highly modular structure and reduced
computational complexity. They are made up of identical
functional blocks which, based on their first-order tracking
characteristics established in the paper, can be considered
generalized notch filters. Each block (subalgorithm) takes
care of a particular frequency component (subsystem) of
the identified system. Such frequency decomposition is a
new concept in identification of time-varying systems.

In the second part of the paper the frequency-adaptive
versions of all algorithms were derived using the recursive
prediction error approach. The best results, both in terms of
parameter tracking and frequency matching, are obtained for
the frequency-adaptive version of the basic algorithm. Out
of the two decomposed versions of this basic solution, the
parallel-form algorithm performs better than the cascade-
form algorithm. All proposed algorithms show much better
performance than the gradient search algorithms described
in the literature.

At the conceptual level the paper establishes interest-
ing connections between identification of quasi-periodically
varying systems and filtering theory.

Appendix

It is straightforward to check, that the recursive formula
(13) can be expressed in the following explicit form

Bi() = (RE() " pi (),

where

t—1

Ri()=)_ 7ot —s)et—s),

s=0

s+1

t—1
pi0) =Y Api Tyt — )t — ).
s=0

l
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Hence, in the steady state it holds
00 -1
Bi)=|D_ 7"t =o't — )
s=0
o
< DAy — 90 e —9)
s=0

One can show that if the processs) is stationary and
ergodic then

o0
lim (1— A Bo*t —s)o (t —s) = D,
Jim, ¢ )é A VAN ()

where ® = E[¢*()¢' (r)]. This leads to the following
approximation

BO=1— @Y oy — )9t — ).
s=0

Combining the above relationship withz) = ¢ (1)0(r) +
v(t) one obtains

Bin=1- @Y 2o et — et — )0t — )
s=0

+ A= 2)® > it — s — ).
s=0

Since the noise(t) is uncorrelated witlp (), one arrives at

1—-24)p;
1-Jipig~1

i

EB:(01=(A—2) > Zpth00 —s) =
s=0

0(1).

Finally, one obtains

- - 1- .
10, ()] = pFEIBi (0] = 1 0(0) = Ty(g~H00).
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