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Generalized Adaptive Notch and Comb Filters for
Identification of Quasi-Periodically Varying Systems

Maciej NiedZwiecki and Piotr Kaczmarek

Abstract—The problem of identification/tracking of quasi-peri-
odically varying real-valued systems is considered. This problem
is a generalization, to the system case, of a classical signal pro-
cessing task of either elimination or extraction of nonstationary
sinusoidal signals buried in noise. The solution is based on the ex-
ponentially weighted basis function (EWBF) approach. The pro-
posed algorithms are capable of tracking slow changes in system
frequencies, which means that not only the expansion coefficients
in the basis function description of the analyzed system but also
the basis functions themselves are adjusted in an adaptive manner.
First, assuming that the system frequencies are known and con-
stant, the running basis and fixed basis variants of the EWBF al-
gorithm are derived, and their relationship to the classical notch
filter with constrained poles and zeros is established. Next, the fre-
quency-adaptive versions of both algorithms are obtained using
the gradient search and recursive prediction error principles, re-
spectively. Finally, the interrelated frequencies case is analyzed and
two additional parameter tracking algorithms (generalized adap-
tive comb filters) are derived.

Index Terms—Basis function approach, frequency estimation,
system identification, time-varying processes.

1. INTRODUCTION

ONSIDER the problem of identification/tracking of coef-
ficients of a time-varying system governed by

=3 but)eult) + o(t)
=1

where t = 1,2, ..., denotes the normalized discrete time, ()
denotes the system output, @(t) = [p1(t), ..., @n(t)]T is the
regression vector, v(t) is an additive white noise, uncorrelated
with @(t), and 8(t) = [61(t),...,0,(t)]* denotes the vector of
time-varying system coefficients, modeled as weighted sums of
sinusoidal and cosinusoidal functions

+ch2L 1

+erarp1 (8)(—1)°

= QT(8(1) +v(t) (D)

0:(t) = c,0( )sin i (t) + c1,2:(t) cos ¢i(t)]

where
t
t) = Zw,(s) 3
s=1
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Inclusion of the dc component (with characteristic frequency
wo = 0) and ac component (with characteristic frequency
w1 = ) is optional—both terms were added merely for the
sake of completeness. Since the amplitudes ¢; ;(¢) and frequen-
cies w;(t) in (2) and (3) are time-varying, system parameters
change over time in a periodic-like but not exactly periodic
manner. We will assume that for every ¢, the quantities cl7i(t),
I =1,...,n and w;(t) are slowly time-varying. The system
governed by (1)and (2), which obeys the above-mentioned
limitation, will be further referred to as quasi-periodically
time-varying.

As an example of a process obeying (1), consider the non-
stationary autoregressive with exogenous input (ARX) system
governed by

y(t) =Y al

=1

y(t—1) + Z by(t
where u(t) denotes the measurable input signal. In this case the
regression vector @(t) = [y(t —1),...,y(t —7), u(t—1),...,
u(t — p)]T is made up of past output and input samples, the
parameter vector 8(t) = [a1(t),...,a(t),b1(t),...,by(t)]T
consists of autoregressive coefficients a;(t) and direct path
coefficients b;(¢), and n = r + p.

One of the challenging applications, based on the ARX
system description, is adaptive equalization of rapidly fading
communication channels. For mobile radio channels, the si-
nusoidal model of channel coefficients variation has a long
history, which goes back to Aiken [1]. Quite recently, a number
of papers explored the possibility of using it for equalization
purposes—see, €.g., [2]-[4] and [5]. Even though the references
given above deal with complex quadrature amplitude modu-
lation channels, the proposed equalization technique remains
valid for fast-varying real (e.g., binary phase-shift keying)
channels with a baseband model given by (1) and (2).

Note that in the special case where n = 1, and o(t) = 1, Vt,
the model (1) and (2) becomes a description of a nonstationary
multifrequency signal 6(t) buried in noise

y(t) =6(t) + (f) (5)
)+ Z cai—1(t) sin ¢;(t) + c2i(t) cos ¢i(t)]

+ 02k+1(t)(_1)t' (0)

The problem of either elimination or extraction of nonstationary
sinusoidal signals contaminated with noise has attracted a great
deal of attention of researchers in the field of signal processing.
When signal frequencies are unrelated, the solutions proposed
in the literature are based on adaptive notch filtering—see

u(t =10 +o(t) 4
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[6]-[9] and the references therein. When the frequencies
w1(t),...,wk(t) are interrelated, namely, they are multiples
of the same fundamental frequency w(t), the problem can be
solved by means of adaptive comb filtering—see, e.g., [10]
and [11]. Since the problem analyzed in our paper is a gener-
alization, to the system case, of the signal elimination/tracking
problem mentioned above, the identification algorithms derived
for systems with unrelated and interrelated frequency modes
can be considered generalized adaptive notch and generalized
adaptive comb filters, respectively.

To our best knowledge, this is the first paper dealing with
the problem of identification of quasi-periodically varying real-
valued systems. Identification of complex-valued systems was
considered in [3], [5], and [12]. It should be stressed, however,
that the results presented below are neither a special case, nor
can they be obtained as a trivial extension of known results de-
rived for complex-valued systems.

This paper is organized as follows. In Section II, the identifi-
cation problem is solved for a system with known constant fre-
quencies of parameter variation. In Section III, the frequency-
adaptive versions of two algorithms, described in Section II,
are derived for systems with unrelated frequencies. The anal-
ogous algorithms for systems with interrelated frequencies are
presented in Section IV. Section V provides simulation results,
and Section VI concludes.

II. KNOWN FREQUENCIES

Suppose, for the time being, that both the amplitudes and an-
gular frequencies in (3) are constant, i.e., that system parameters
are almost periodic functions of time [13], governed by

k
0i(t) = 10+ Z[Cz,zi—1 sin w;t + ¢1,2; cos wit] + 1 ap41(—1)"
i=1

I=1,....,n. (7)

According to (7) each system parameter is modeled as a sum of
the dc term, the ac term and k “regular” terms, which correspond
to periodic modes of variation, characterized by frequencies 0 <
Wi,y eo, Wi < T
Denote by f;(¢) the basis functions associated with the ith
mode: fo(t) = 1, fr41(t) = (—1)*, and
f,;(t) _ [smwit] 7

i=1,....k

cos w;t
Denote by «; the corresponding vectors of coefficients
ap = [01 0, ; Cn, o]T, Q41 = [01 2k+1y---5Cn, 2k+1]T,
ai:[Cl 2i—1,C1, 25+ -5 yCn, 2i—1,Cn, 2L] ,’iZl,...,k.Fi—
nally, let 9, (t) = ¢(t) ® f (t ) where ® denotes the Kronecker
product of two matrices/vectors. Note that «; is the vector of
coefficients associated with a particular frequency w; and not
with a particular impulse response parameter 6;(¢). Similarly,
9,(t) is the generalized regression vector associated with the
ith frequency component.
Using the short-hand notation, introduced above, (1) can be
rewritten in the form

k+1

Z¢ e +o(t) =9 (Ha+ov(t)  ®)
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where ¥(t) = [$o(t),..., ¥ ()]" and @ =
[aOT,...,aEH]T.

Suppose now that the vector « is slowly varying with time. It
is known that, in the case considered, one can track a(t) using
the method of exponentially weighted least squares (EWLS).
The EWLS estimate of a(¢) can be obtained from

a(t) =lag (¢), .. aal( )"
= argmmZ)\ ( (t—2s) '(/JT(t—s)a)2
=R;!()r a<t> ©)

where

=N — (= )= ARa(t — 1)+ $(OB" (D)

= SNyt — )
s=0

and A (0 < A < 1,1 — X < 1) denotes the so-called forgetting
constant—the design parameter that controls the memory of the
estimator, and hence allows one to trade off between its tracking
speed and tracking accuracy.

The recursive algorithm for evaluation of 0( ) is given by

fi(t) =Gfi(t — 1)

t—s)=Ara(t — 1) +y(t)P(t)

¥i(t) =(t) ® (f) i=0,...,k+1
e(t) =y(t) — 9" (a(t — 1)
k, (t) — P (f — 1)'/’@)
A+ 9T (HPa(t - D)g(t)
Po(t) = 1 [Pa(t — 1) ~ k(D9 (P4t~ 1)]
a(t) =a(t — 1)+ ka(t)e(t)
k+1

(10)

=Y Di(t)a(t)
1=0

where P, (t) =

L ® fi(t) =
diag{fX(t),...,£X(¢)}, L, denotes the n x n identity matrix,

R;1(t)Di(t) =

n
Go=g0=1,Grt1 = gry1 = —1, and

} i=1,...k

sin w;
COS W;

COS W

G;= .
— SIn w;

denote orthogonal rotation matrices (G; * = GT).

Since (10) combines the basis function parameterization with
exponentially weighted least squares estimation, it will be fur-
ther referred to as the exponentially weighted basis function
(EWBF) algorithm [14], [15].

Another, equivalent form of the EWBF estimator can be ob-
tained by rewriting (9) and (10) in a different system of coordi-
nates. Using the linear time-varying transformation

Bt) = A~Da(t)

A =diag{Ao,..., A1}, A7t = AT (11)
where Ag = I, Ay = —I,and A; =1, ®G,, A]' = AT,
i =1,...,k, one can convert (9) into

B(t) =R (t)rs(t) (12)
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where

Rs(t)=A" DR, (HAF = ATARs(t—1)+¢(1)¢T (1)]A

rg(t) = A~ Tr (1) = AT[Ars(t — 1) + y(£)C(1)]

C(t) =AT"P(t) = [Co (1), -, Craa (D]

G(t) = A7) = o(t) @ £:(0), i = 0,... .k + L.
Similarly, using the substitutions kg(t) = A~'k,(t) and
Ps(t) = Rgl(t) = A-(HDP_ ()AL, one can transform
(10) into

e(t) =y(t) - (( )B ()t(—)l)
Ps(t —1)¢(¢
ks(t) =
TR ¢
Py(t) = %AT[Pﬁ(t —1) = ks(t)¢" ()Ps(t — 1)]A
B(t) = AT[B(t — 1) + Ka()=(1)]

k+1

= Z Ei./éi(t)

where Eg = I,, Ex41 = —I, and E; = D;(-1) = I, ®
fI(-1) = diag{ef},...,el}, e} = [—sinw;, cosw;], i =

Following [14] and [15], the algorithms (10) and (13)
will be referred to as the running basis (RB) and fixed basis
(FB) EWBF algorithms, respectively. It should be stressed
that both algorithms are strictly input-output equivalent, that
is, they yield identical parameter estimates 6(t) for iden-
tical data sets u(t), y(t) and conforming initial conditions
(B(0) = Aa(0),Ps(0) = A~'P,(0)A). The RB algorithm
will be the starting point for derivation of the gradient-based
frequency-adaptive version of the EWBF filter, and the FB
algorithm—for derivation of its recursive prediction error based
version.

To shed more light on the algorithms described above, con-
sider the problem of extraction of a multifrequency signal (6),
characterized by known frequencies wy,...,wy, from noisy
measurements (5).

Denote by N (g~
filter

1) the transfer function of the cancellation

e(t) = N(q "y(t).

We will prove the following corollary, which is a nontrivial ex-
tension (to the multiple frequencies case) of the result given in
[16].

Corollary 1: All poles of N(q~1) lie on the circle of radius
A in the z plane and all zeros of N(g~!) lie on the unit circle
(see Fig. 1).

Proof: See Appendix L.

According to Corollary 1, in the signal case the steady-state
version of the EWBF algorithm is nothing but a classical notch
filter with constrained poles and zeros, governed by

W)
W(Agt)

where W (g~1) is the polynomial with all zeros located on the
unit circle and 0 < XA < 1. The name stems from the fact that

N(g ) o
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Fig. 1. Location of the poles and zeros of the cancellation filter N (¢~ ).
the poles p; and zeros z; of N(g~!) are constrained to lie on
the same radial line with the poles slightly displaced toward the
origin (p; = Az;) by the factor A, often called the pole contrac-
tion factor.

Since the problem solved in this paper is a generalization,
to the system case, of the signal elimination/tracking problem
mentioned above, the identification algorithms (10) and (13) can
be considered generalized notch filters.

III. UNKNOWN FREQUENCIES

When the functions f;(¢),4 = 1,.. .,k are fixed, the method
of basis functions (which can be traced down to Rao [17],
Mendel [18], and Liporace [19]) is a straightforward exten-
sion of the least squares approach. However, when the basis
functions are to be adjusted along with the expansion coef-
ficients c;;(t), the estimation problem becomes considerably
more difficult. In particular, note that when the frequencies w;,
t = 1,...,k, in (3) are not known a priori, the generalized
regression vector 9(t) is also (partially) unknown. As a result,
the model (8) becomes nonlinear in the estimated parameters,
not to mention that it describes a system which, beyond any
doubt, can be termed as rapidly time varying (see [15] for more
details on classification of time-varying systems).

In this section we will derive two frequency-adaptive EWBF
algorithms, capable of tracking the time-varying frequencies
wi(t), i =1,..., k. To simplify derivations we will neglect the
dc and ac terms in (2).

A. Gradient Approach
Consider the running basis algorithm (10) and denote by

J(t,w) = = 2(t,w) (14)
where w = [wy,...,wy]T, the instantaneous measure of fit.
The simplest gradient algorithm that can be used for fre-

quency tracking has the form
Bt +1) = B(t) — uJ @(1)) (15)

where J'(@(t)) denotes derivative of J(¢,w) with respect to
w, evaluated at the point @(t), and p > 0 is a small stepsize
parameter.

Note that

(Hya;(t —1).

||M»
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According to (3), it holds that

and
' cos iwi(s)
o= | =G50
—sin (Sgl wi(s)>
where
0 1
=[]
Therefore
- G e~ Dete) = Xt~ De(r)
where
Xi(t) = ¢(t) @ hy(t).
Let B0 = [ sin(S0i(s), cos(Sh,@i(s) 1"
Bi(t) = [ cos(; anls))—sin(X s Gi(s) |T and
9i(t) = =0J(t,w)/Owi(t)|w(s) = @(s), s = 1,...,1

Using the notation introduced above, the gradient-type fre-
quency-adaptive version of the running basis algorithm can be
summarized as follows:

() = GuE(t - 1)
hi(t) =G;(Hhi(t — 1) = I (1)
Bu(t) =) © (1)
%:(t) = () ® h(1),
i=1,...k
S(t) =y(H) =B (a(t—1)
gi(t) =XF (D@(t — 1)e(t)
wi(t+1) =w;(t) + pgi(t),
i=1,....k
et P, (1 — 1)(t)
A9 (DP(t - 1))
Pa(t) =1 [Palt = 1) = ka()) (Pa(t ~ 1)
a(t) =alt - 1) + ka(D)e(t)
B(1) = 3" Di(nai(1) (16)
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where

sin &; (t)
cos W;(t)
dlag{ f (t),.. ,ET(t)}

cos W, (t)
—sin a,‘ (t)

Gi(t) =

Di(t) =L, @ f(t) =

and the initial conditions are set to E(O) =1[0,1]T and fli(O) =
[1,0]T,i =1,... k.

As all gradient-type estimation procedures, the algorithm (16)
may have problems with initial convergence unless the starting
values @;(1), 4 = 1,...,k are chosen in a judicious way. To
guarantee that the 1n1t1a1 frequency estimates are close to the
true frequencies, one can preestimate w using the nonparametric
(Fourier analysis based) approach. In the signal case, both the
number of frequencies and their initial values can be estimated
using the peak picking technique on periodogram of the short
initial fragment of the analyzed signal. In the system case, the
initial frequency estimates can be obtained by analyzing the
generalized (system) periodogram [20] (see Remark 3 in the
next section), by exploiting cyclostationarity of the analyzed
system [3], [5], or using the method based on spectral analysis
of the short-memory sliding window least squares estimates of
system coefficients [21].

B. Recursive Prediction Error Approach

Consider the following exponentially weighted measure of
fit:

t—sw

Zv

where v, 0 < v < 1, is the forgetting constant, which will be
used to control the speed of the frequency adaptation. This time,
to evaluate the estimate

w(t) = arg min V (¢, w)
w

we will use the recursive prediction error (RPE) approach. Ac-
cording to Soderstrom and Stoica [22], the RPE algorithm can
be expressed in the form

w(t—1))

B(t)=b(t—1)~[V"(t,@(t—1))] V(L

where

Oe(t,w(t — 1))
ow
Wt —1,0(t - 2))
de(t,w(t — 1)) de(t,w(t — 1))
+
ow owT

V'(t,w(t —1)) =e(t,w(t —1))
V' (t,w(t—1))=

and all derivatives are taken with respect to w.

Note that the regression vector {(¢), which appears in the
fixed basis algorithm (13), does not depend on the frequencies
w1, ... ,wk, while the components of the generalized regression
vector 9(t), appearing in the running basis algorithm (10), are
frequency dependent. For this reason, the fixed basis algorithm
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is a more convenient starting point for derivation of the adaptive
RPE version of the EWBF algorithm.

The recursive frequency-adaptive EWBF algorithm, based on
the RPE minimization principle, can be written in the form (see
Appendix II)

e(t) =y(t) — (TRt - 1)
ni(t)=—-¢C ()&t —-1), i=1,....k
p(t) =+ q (BF(t - (1)
_F(t— n(t)
1) = p(t)
P(t) = = [F(t— 1)~ (00" (F(t - 1)
B(t) =@(t — 1) — F(t)n()e(t)
5(8) = A+ CT (P 5t — 1)C(1)
Pt - 1)
ks(t) = =55
Py(t) = AT(O[Pa(t — 1) — ks())C" (Pt ~ D]A(1)
B(t) = AT()[B(t — 1) + kp(t)=(t)]
Ki(t) = ﬁ[ﬁ-(t S 1)C(E) — k(BT (0P — 1)C(0)

i = Lk
0(t) = ) Ei(t)B;(t) (17)
1=1
where
() =lpo (1), .5 ()]
k
‘Po(t) = [07 901(0 -0 (pﬂ(t)]T
A(t) =diag{A1(t),.... Ax(t)}
A, (t) =diag{Gi(t), ..., Gi(t)}
E;(t) = diag{ & (¢).....8] (1)}
8l (t) = [~ sin&;(t), cos ;(t)]
A; =diag{0,...,0,1,0,...,0} ®J,
—— =
i-1 k—i
J=1,®J, =diag{J,,...,J,}.
The recommended initial conditions are al(O) = 0 and

P3(0) = 6Iokn, where 6 denotes a large positive constant
(this is a standard initialization procedure for all recursive least
square type recursive estimation algorithms [22]). As to the re-
maining quantities, good results were obtained for P;(0) = O,
1,...,k, F(0) = el}, where ¢ denotes a small positive
constant, and for randomly generated values of &;(0).

7 =
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To speed up initial convergence, the rough starting frequency
estimates can be obtained by means of nonparametric system
identification. However, unlike the gradient approach, in the
RPE case frequency preestimation is not prerequisite for con-
vergence. If no prior knowledge about the estimated frequencies
is available, one can set @(0) = 0.

Remark 1: A significant reduction of computational com-
plexity of the algorithm (17) can be achieved by setting P;(#) =
O, k;(t) = 0,7 = 1,..., k. Simulations show that the results
yielded by such simplified version of the RPE algorithm are
practically identical with those given by the original algorithm.

Remark 2: Using the technique presented in [12] and [23],
the “global” EWBF algorithms (16) and (17) can be decom-
posed into & interconnected “local” algorithms. The decoupled
parallel-form and cascade-form generalized adaptive notch fil-
ters, obtained in this way, are made up of identical (from the
computational viewpoint) blocks arranged in the parallel and
cascade structures, respectively. Each block is designed to track
a particular frequency component of the parameter vector 6(t).

Remark 3: In this paper, we have assumed that the number
of frequency modes % is known a priori. As shown in [20],
both the number of frequencies and the initial frequency
values, allowing one to efficiently start (or restart) generalized
adaptive notch filters, can be inferred from the generalized
(system) periodogram, evaluated for a short initial fragment of
the input/output data. Such a combined nonparametric/para-
metric approach allows one to preserve advantages of both
frameworks, leading to estimation procedures which guarantee
global frequency search, high-frequency resolution, fast initial
convergence, and good steady-state tracking capabilities.

C. Selection of Design Variables

The tracking properties of the RPE algorithm (17) depend on
two design variables: the forgetting constant A, which controls
the bandwidth of parameter tracking, and the forgetting constant
v, which controls the bandwidth of frequency tracking. Gener-
ally speaking, both forgetting factors should be chosen so as to
trade off the tracking speed of a generalized adaptive notch filter
(which decreases with growing A and ) and its noise rejection
capability (which increases with growing A and -y). We have
found out experimentally that good results are usually obtained
when the frequency tracking bandwidth is larger (but not sig-
nificantly larger) than the parameter tracking bandwidth, e.g.,
1—+5 =2(1—\). The tuning problem is then reduced to selec-
tion of a single design variable \.

The stepsize parameter (, used in the gradient approach,
plays an analogous role as the frequency adaptation gain
1—7 in the RPE approach. For a complex-valued version of
the gradient algorithm (16), some analytical results are now
available, showing how performance of a generalized adaptive
notch filter depends on selection of its design variables—see
Niedzwiecki and Kaczmarek [24]. Even though restricted to a
simple case (single frequency mode, random walk frequency
variation), the analysis presented in [24] provides interesting
insights into the tracking capabilities and tracking limitations
of generalized adaptive notch filters, including the associated
speed/accuracy tradeoffs, performance optimization issues, and
achievable tracking bounds.
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TABLE 1
COMPARISON OF COMPUTATIONAL COMPLEXITY OF THE GRADIENT (G)
AND RECURSIVE PREDICTION ERROR (RPE) VARIANTS OF THE
FREQUENCY-ADAPTIVE EXPONENTIALLY WEIGHTED BASIS
FuNncTioN (EWBF) ALGORITHM WITH FIXED BASIS
AND RUNNING BASIS, RESPECTIVELY; 7 DENOTES
THE NUMBER OF SYSTEM COEFFICIENTS AND
k Is THE NUMBER OF BASIS FUNCTIONS

Algorithm
EWBF running basis
EWBEF fixed basis

Total complexity
8(nk)? + l4nk + 4k
16(nk)? + 15nk

EWBF-G 8(nk)? + 16nk + 6k
EWBF-RPE 16(nk)Z + 15nk
+[22(nk)? + 16nk + 3k + 6]k
simplified 16(nk)? + 15nk
EWBF-RPE +[6nk + 3k + 6]k

D. Computational Complexity

Table I presents a comparison of computational complexity
(the number of multiply/add operations per time update) for the
gradient-search algorithm (16), the RPE algorithm (17), and the
simplified version of the RPE algorithm mentioned in Remark 1
above. To show the computational overhead due to the fre-
quency adaptation, the analogous data for the regular fixed
basis EWBF algorithm (13) and regular running basis EWBF
algorithm (10) (for a system without the dc and ac terms) were
also included in Table I. All evaluations take into consideration
special features of some of the involved @atrices and vectors,
such as symmetry (P, (t), Pg(t), F(t), P;(t), i = 1,...,k),
block diagonal structure with repeatable blocks (K( t)), or
zero elements ({(t)). According to Table I, the full version of
the RPE algorithm is computationally much more demanding
than the gradient algorithm. The simplified version of the RPE
algorithm is approximately two times more demanding than
the gradient algorithm. Since the steady-state tracking results
yielded by the gradient algorithm are only slightly inferior to
the analogous results obtained for the RPE-type algorithms (see
Section V), in practical applications the EWBF-G approach
may be an attractive alternative to the EWBF-RPE approach.

IV. INTERRELATED FREQUENCIES

So far we have assumed that the characteristic frequencies
w1, .. .,Wwk, associated with different modes of parameter varia-
tion, are not interrelated. Such conditions are met, for example,
for mobile radio channels, where the frequencies correspond
to Doppler shifts along different propagation paths and their
time-variation is caused by changes of the vehicle speed in the
directions of signal arrival.

Suppose now that the estimated frequencies are mutually cou-
pled, namely, that they are multiples of the same fundamental
frequency w(t)

wi(t) = iw(t),

Such multiple frequencies, called harmonics, appear in
the Fourier series expansions of periodic signals (w(t) =
w =const). The use of the “time-varying harmonics” (18)
can be regarded as a natural extension of the Fourier analysis
concepts to quasi-periodically varying processes—see, e.g.,
Parker and Anderson [11].

i=1,....k (18)
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The harmonic model (with the dc and ac terms neglected) has
the form

= [er 2i—1(t) sin(ig(t)) + ¢, 2:(t) cos(ig
i=1
where () = Y!_, w(s). It can be easily incorporated in the
identification schemes, developed in Section II, by setting
(1) = [Sin Z'.“’t} . Gi= [ cos i Si“'.“’} L i=1,.. k.
cos wit —Sslniw COS iw
In the signal case, the corresponding algorithms reduce down
to a comb filter, used to cancel periodic interferences (such as
the power frequency pickup and its harmonics) or to enhance
periodic signals in noise.
When the fundamental frequency is time-varying, it holds

()] (19

k

that
sin <L S;M@)
i = cos (z SZ; w(5)>
leading to

=1

Only minor modifications are needed to convert the gradient-
type generalized adaptive notch filter (16) into the generalized
adaptive comb filter: all one needs to do is set

Ao | cosi(t)  sini@(t)
Gilt) = [ —sini@(t) cosiw(t)
and replace the frequency update section of (16) with
k
g(t) =Y ix; (Hau(t — 1)e(t)
i=1
Gt +1) =0(t) + py(t).

Since the analogous changes to the RPE algorithm (17) are more
substantial, the entire modified algorithm is summarized below

e(t) =y(t) — ¢ (DBt - 1)

n(t) = — (T ()€t — 1)

v(t) =yv(t — 1) + n*(t)

O n(t)e(t)

w(t) - ( ) - I/(t)

o(t) = A ¢ (t)Ps(t— 1)¢(1)

_ Pt = 1)((1)

kalf)= T
Ps(t)= %KT(t)[Pa(t —1) = ka(t)CT (1) Ps(t — 1)]A(t)
B(t) =AT(1)[B(t — 1) + ka(t)=(1)]

K (t) = ()[Pg<t 1)¢(t) — kp(t)CT (P s(t — 1)¢(1)]
Ps(t)=A"Ps(t) + Ps(t)A + %KT(t)[ﬁ@(t —1)

—ks(t)C ()P s(t—1)—ks(t)CT ()P s(t—1)]A(t)

E(t) =ATB(t) + AT(1)[€(t — 1) + Ku(t)n(t) + ko(t

0t = S Ei(0)Bi(1)

i=1

~
™

—~
~

~—
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where
A =diag{l,...,k} ®J

and the quantities E; (t) are defined analogously as in
Section III, except that €] () = [— sini&(t), cosid(t)].

Remark: Incorporation of the constraint (18), whenever ap-
plicable, can significantly increase accuracy of the frequency
estimates. The analysis, carried out for stationary harmonic sig-
nals by Nehorai and Porat [10], shows that significant improve-
ments in the Cramér—Rao bounds can be achieved if the har-
monic structure, imposed by (18), is taken into account in the
estimation process.

On the negative side, the frequency estimates based on
the harmonic model (19) may occasionally suffer from the
frequency mismatch effect—@(¢) may lock onto a fraction
or multiple of the true frequency, e.g., onto (1/2)w(¢) or
2w(t) [11]. Since this effect results in attempts to track the
whole bunch of nonexistent harmonics (in the case of the
fractional-type convergence) or it results in the failure to track
a certain number of the existing ones (in the multiple-type
convergence case), it is potentially more damaging than the
analogous effect that may occur in the unconstrained algorithm,
which follows each frequency separately. Whether it pays off
or not to use comb filtering in the interrelated frequencies
case depends on the power of the corresponding frequency
components. In the case of a strong imbalance [e.g., when
only the first and fifth harmonics are significant for a given
signal-to-noise ratio (SNR)], one may be better off using notch
filter instead of a comb filter.

V. COMPUTER SIMULATIONS
A. Generalized Notch Filters

The first set of simulation results demonstrates the frequency
and parameter tracking properties of the generalized notch fil-
ters: the gradient algorithm (EWBF-G) and the recursive pre-
diction error algorithm (EWBF-RPE).

The identified system (a simulated two-tap quasi-periodically
varying channel) had the form

y(t) = Ox (D)ult) + Oa(t)u(t — 1) + v()
where

ﬂl(t) =0.54+ 2sin gf)l(t) — 0.5sin ¢2(t) + 0.7 sin ¢3(IL)
B2(t) = — 1 —0.5cos ¢1(t) + 1.5 cos ¢2(t) — 0.7 cos ¢3(t).

The uncorrelated pseudorandom bit sequence (PRBS) sequence
(u(t) = £1) was used as the input signal and the noise was
white and Gaussian with variance o2(t) = 0.05 (average SNR
2 20 dB). The forgetting factors A = 0.99 and v = 0.98 for
EWBF-RPE algorithm and A = 0.99 and p = 1.7 - 10=* for
EWBF-G algorithm were chosen so as to guarantee approxi-
mately the same prediction error variance and frequency esti-
mation variance for both algorithms in the case where all basis
frequencies are constant.

1) Initial Convergence Tests: In all initial convergence
tests, the initial frequency estimates @;(0), ¢ = 1,...,k were
set to zero, the quantities €,(0), ¢ = 1,...,k, were drawn
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Fig. 2. True basis frequencies (solid lines) and their estimates (dotted lines)
obtained in the initial convergence period using the (upper plot) WBF-G
algorithm and (lower plot) WBF-RPE algorithm.

as random independent samples from the normal distribution
N (0,1, ), and the initial values of the matrix F(t) were set to
F(0) = 0.05I. It was observed that selection of the starting
value F(0) has major influence on the initial convergence of
the EWBF-RPE filter. In particular, too large initial values
may block the adaptation mechanism in the startup phase of
frequency estimation.

The results of a typical initial convergence test are shown in
Fig. 2. In a majority of test runs (about 80%) the EWBF-RPE al-
gorithm properly matched the true basis frequencies. In contrast
with this, the EWBF-G algorithm was unable to find system fre-
quencies in all tests.

It should be stressed that the initial convergence time de-
pends on the constellation of system frequencies, on the av-
erage SNR and on the initialization technique used. In the case
of our example (illustrated by Fig. 2), the settling time is equal
to (roughly) 1000 sampling intervals. However, when the prees-
timation techniques—proposed in [20]—are used, the average
settling time can be brought down to 64 samples. This does not
mean that the length of the training sequence must be compa-
rable with the average settling time. There are schemes, pro-
posed recently (see, e.g., [25]), which combine data from many
consecutive frames whenever the interframe consistency test is
positive. This means that the decoding results for the first frame
can be (conditionally) regarded as a training sequence for the
second frame, etc., until the change of propagation conditions
forces one to start channel identification “from scratch.” Multi-
frame schemes allow one to reduce the bit error rate for a given
transmission rate—or conversely, to increase transmission rate
for a given bit error rate level. We think our algorithms can be
useful in such a multiframe context.
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Fig. 3. Instantaneous Doppler frequencies of a simulated channel (solid
lines) and their estimates (dotted lines) obtained using the (upper plot) WBF-G
algorithm and (lower plot) WBF-RPE algorithm.

2) Steady-State Tracking Tests: In all steady-state tracking
tests, it was assumed that the initial values of the frequencies are
approximately known (the training part of the transmitted data
can be used for the initial frequency estimation purposes—see,
e.g., [20]). Furthermore, the frequency estimates were frozen at
their initial values during the first 300 steps of the algorithm.
Some of the simulated frequency changes (see Fig. 3) were dif-
ficult from the tracking viewpoint—note that two frequency tra-
jectories intersect in the middle of the analysis interval.

Fig. 3 shows evolution of the frequency estimates and
one-step-ahead prediction errors yielded by the EWBF-G and
EWBF-RPE algorithms. Figs. 4 and 5 show the estimated
parameter trajectories obtained for a typical simulation run as
well as the mean trajectories of parameter estimates, obtained
by averaging results of 50 simulation runs.

The main conclusion that can be drawn after examining
the plots shown in Figs. 3-5, as well as many other plots (not
shown here) obtained under the same experimental conditions
for different realizations of the measurement noise, is that
the EWBF-RPE algorithm performs (slightly) better than the
EWBF-G algorithm, in terms of both parameter estimation and
frequency tracking.

B. Generalized Comb Filters

Another two-coefficient finite impulse response system, ex-
cited by the PRBS input signal and white noise disturbance
(0%(t) = 0.05), was simulated to test the steady-state behavior
of the EWBF-RPE generalized adaptive comb filtering algo-
rithm. The time-varying system parameters were modeled as
linear combinations of three harmonics

01(t) = sin ¢(t) + 0.5sin 2¢)(t) + 0.7 sin 3p(t)
f2(t) = 0.6 cos ¢(t) — 1.5cos 2¢(t) 4+ 1.4 cos 3¢(t)
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Fig.4. Evolution of true system parameters ¢ (t) and #>(¢) (solid lines) along
with their estimates (dotted lines) obtained using the EWBF-G algorithm (upper
plot). The two lower plots show mean trajectories of parameter estimates,
obtained by averaging results of 50 simulation runs; the corresponding standard
deviations (4) are marked with short vertical lines.

and the fundamental frequency was changing according to the
random walk model

w(t) = w(t —1) + o(t) 2D
where o(t) denotes white Gaussian noise with zero mean and
variance o, = 4 -107%.

Fig. 6 shows simulation results obtained for the EWBF-RPE
generalized comb algorithm with forgetting factors A = 0.99
and v = 0.98. Again, the results were satisfactory, in terms of
both parameter estimation and frequency tracking.

VI. CONCLUSION

The problem of identification/tracking of quasi-periodically
varying real systems was considered and solved using the fre-
quency-adaptive basis function approach. The proposed algo-
rithms are capable of tracking slow changes in system frequen-
cies, which means that not only the expansion coefficients in the
basis function description of the analyzed system but also the
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Fig.5. Evolution of true system parameters 6, (¢) and 8 () (solid lines) along
with their estimates (dotted lines) obtained using the EWBF-RPE algorithm
(upper plot). The two lower plots show mean trajectories of parameter estimates,
obtained by averaging results of 50 simulation runs; the corresponding standard
deviations (&) are marked with short vertical lines.

basis functions themselves are adjusted in an adaptive manner.
Two versions of frequency-adaptive algorithms, gradient search
based and recursive prediction error based, were derived both
in the unrelated frequencies case (generalized notch filters) and
in the interrelated frequencies case (generalized comb filters).
Simulation experiments show that the RPE versions of the pro-
posed algorithms have better initial convergence properties and
better steady-state tracking capabilities than their gradient coun-
terparts. On the other hand, gradient algorithms are simpler and
hence computationally less demanding.

APPENDIX [
PROOF OF COROLLARY 1

In order to prove the corollary, consider the FB realization of
the EWBF filter (due to the equivalence of the RB and FB algo-
rithms, all results derived below remain valid in the RB case).
Note that in the case considered, n = 1, p(t) = 1, V¢, and hence

¢(t) = £(0), where £(t) = [fo(t), £F (1), .., 2 (), Eu 1 (D]
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Fig. 6. Instantaneous fundamental basis frequency (solid line) and its estimate
(dotted line) obtained using the generalized adaptive comb filter (EWBF-RPE).
The lower plot shows the parameter §,(#) (solid line) and its estimate 01(t)
(dotted line).

Note also that the matrix P 5(t) stabilizes at the constant value
P3(00) as time goes to infinity

lim P (1) = P(o0) = R (o0)
where

Ry(00) = Y Af(—s — DfT(=s - 1).
s=0

Therefore, in the steady state, the estimation algorithm (13) can
be written in the form R

e(t) =y(t) — £1(0)B(t — 1)

B(t) = GT[B(t — 1) + kp(c0)e(1)] (22)
where G = diag{l,Gy,...,Gyg,—1}, or equivalently [see

(12)] _
B(t) =R (c0) S Nyt —s)f(-s—1).  (23)
s=0

Denote by T(g~1) the (vector) transfer function of the extrac-
tion filter

B(t) = T(q")y(t).

Note that (22) can/\be rewrit/t\en in the form
B(t) = BB(t — 1) + by(t)
where B = GT—GTkg(c0)fT(0) and b = GTkg(00). There-
fore, the poles of T(q ') coincide with the eigenvalues of the
state transition matrix B, further denoted as o[B].
Multiplying by /\GTPgl(oo) both sides of the steady-state
equation for P g(c0)

Py(00) = 1 GTIPy(00) — ky(oo)f (0P 5(o0)]G

one obtains

B = APj(00)G P (o).
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Hence

o[B] = o[A\P3(00)GTP ;1 (c0)] = A\o[GT].
Since all eigenvalues of the matrix GT lie on the unit circle in
the z-plane (0[G}] = o[G;] = eP%i i = 0,...,k + 1), all
poles of T(¢g~!) must lie on the circle of radius )\. Fmally, since
it holds
N(g ') =1-£5(0)g 'T(¢ ")

the poles of N (¢~!) must have the same locations as the poles
of T(g~*), which proves the first assertion of Corollary 1.

The proof of the second assertion is based on the following
identities:

g (g )| gmeio =10 = [1,0,...,0]T
q_lT(q_1)|q:51“’i =1, = [0 A ,07 J , 1'70’ . ,O]T
2i—1 2i
i=1,...,k
¢ T gmerr =g = [0,...,0,1]T

which can be easily checked by combining [see (23)]

T(¢") = Rj5'(0) i Af(=s—1)q~
s=0
with
Rpg(00) =[ro| - |rai—1[r2i| - - - [T2r41]
where
rg = — Iyl = Z)\S —s—1)

ry,—1 =

ZAS
ro; = z:/\S

Actually, observe that

—s— 1)sinw;(s + 1)

—s—1)cosw;(s+1) 1<i<k.

Rp(00)1; =ro; + jraimy = 3 Af(—s — 1)e 77+
s=0

oo
-1 E NE(—s — 1)q % jmeres
s=0

=Rp(00)q ' T(q7 ) gmesors =1,....k

and hence

¢ "T(q7 )| ymeiws = 14,

The remaining two identities (for wg = 0 and w1 = 7) can
be verified in the analogous way.
Finally, one obtains

N(e™ ) =1 — £T(0)e 9« T (e™97)

=1-fY0)1;, =0, i=0,...,k+1.
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APPENDIX II
DERIVATION OF THE RPE ALGORITHM

Consider the fixed basis EWBF algorithm (13). Observe that

~T
Je(t,w) OB (t—1,w)
ow ow ¢t
B (tw) [0Btw) 0Btw)]
ow o 8(4}1 o awk
Okf(tw)  [dks(t,w) Oks(t,w)]"
ow o [ 8&)1 o 8wk :|

Furthermore, for 1 < ¢ < k, it holds

8,38(2;4)) _ aﬁ(;wiw) [a(t —lw)+ kﬁ(t,w)e(hw)]
+ATW) [aﬂ(ta; Lw) Bkggfw)g (t.w)
+ks(t,w) 85(29)}
akﬁ(t7w) _ 8Pﬂ(t lw)c( )
w; A+ ¢ )Pﬁ(t - Lw)((t)
_ Pyl = Lw)(0¢T () Pt g
(/\ + TPyt — l,w)C(t))2
T
— kg(t,w)T (P4t — 1,w)]A(w)
n %AT(W) [%;1“’)
— %ﬁi’w)(T(t)Pﬁ(t - 1,w)
—kﬂ@w)(%t)%;l’w)} A(w)
+LAT@)PS( - 1,w)
— kot w)C (Pt — 1,w)] agu(:;)
Note that
aGi(wi) . ) _ 01
o =Gi(w)J,, J,= [_1 0}
31’;15%) =A;(w)J, J=1,J,= dlag{.] ..... Jo}.

o~

Let e(t) = e(tw(), B(t) = Bw(t), Alt) =
Aw(t), ka(t) = kp(t,w(t)), Ps(t)
ni(t) = Oe(t,w(t — 1))/0w;, &(t
ki(t) = Okg(t,w(t — 1))/3% Pi(t
and F(t) = [V (t,w(t — 1))]!

Using the shorthands introduced above one arrives at (17).
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