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Identification of Quasi-Periodically Varying Systems
Using the Combined Nonparametric/Parametric

Approach
Maciej Niedźwiecki and Piotr Kaczmarek

Abstract—The problem of identification of quasi-periodically
varying finite impulse response systems is considered. Neither
the number of system frequency modes nor the initial frequency
values are assumed to be known a priori. The proposed solution is
a blend of the parametric (model based) and nonparametric (dis-
crete Fourier transform based) approach to system identification.
It is shown that the results of nonparametric analysis can be used
to identify the number of frequency modes and to determine initial
conditions needed to smoothly start (or restart) the model-based
tracking algorithm. Such a combined nonparametric/parametric
approach allows one to preserve advantages of both frameworks,
leading to an estimation procedure which guarantees global fre-
quency search, high-frequency resolution, fast initial convergence,
and good steady-state tracking capabilities.

Index Terms—Basis function approach, frequency estimation,
system identification, time-varying processes.

I. INTRODUCTION

A. Problem Statement

CONSIDER the problem of identification/tracking of co-
efficients of a quasi-periodically varying complex system

(system with input/output signals and parameters described by
complex numbers) governed by

(1)

where denotes the normalized discrete time,
denotes the system output,
is the regression vector made up of the past input samples,
is an additive (white) noise, uncorrelated with , and

denotes the vector of time varying impulse
response coefficients, modeled as weighted sums of complex
exponentials

(2)
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Since the amplitudes are complex valued, they incorpo-
rate both magnitude and phase information. Therefore an ex-
plicit phase component is not needed in (2).

We will assume that both the amplitudes
and frequencies in (2) are slowly time-varying, and that

is a complex white measurement noise of variance , in-
dependent of the input signal . Neither the number of fre-
quency modes nor the initial frequency values are supposed to
be known a priori.

One of the interesting modern applications, which admits
such problem formulation, is identification of rapidly fading
mobile radio channels. In a typical mobile radio scenario, one
station is fixed in position and the other station is moving. In
urban environments the direct line between transmitter and
receiver is usually obstructed by buildings, so propagation of
electromagnetic energy to and from the mobile unit is largely
by scattering, e.g., by reflection from the flat sides of build-
ings. When scattering is caused by a few strong reflectors the
impulse response of the channel can be
approximately written down in the form (2)—see, e.g., [1]–[3].
In this particular application is the number of dominant
reflectors (note that such reflectors may suddenly appear and/or
disappear as the terrain changes) and the angular frequencies

correspond to Doppler shifts along different paths
of signal arrival (when the speed of the vehicle changes over
time, Doppler shifts are also time-varying).

When and (1) and (2) become a descrip-
tion of a noisy nonstationary multifrequency signal

(3)

The problem of either elimination or extraction of complex si-
nusoidal signals (called cisoids) buried in noise can be solved
using adaptive notch filtering—see, e.g., Tichavsky and Nehorai
[4] and the references therein. For this reason the system iden-
tification/tracking algorithm described below can be considered
a generalized adaptive notch filter.

B. Contribution and Novelty

There are two broad approaches to system identification.
The first one, known as parametric approach, attempts to build
a mathematical model of the analyzed process. The name
stems from the fact that the functional form of the model (e.g.,
system equation) is assumed to be known and the identification
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task is reduced to estimation, from experimental data, of a
certain number of model parameters. In contrast with this, the
nonparametric identification methods attempt to characterize
system behavior without using a given parametrized model
set. The frequency-domain approach to system identification,
which attempts to estimate the system’s frequency response, is
an example of such a model-free technique.

The results of comparison of the parametric and non-
parametric techniques is far from conclusive [5]. Parametric
methods usually outperform nonparametric methods if the
identified process (system or signal) fits into the assumed
model class, i.e., if it can be closely approximated within a
given model structure. On the other hand, such methods are
usually quite sensitive to model misspecification. As a result
they yield substantial bias errors if the model structure is
chosen inadequately and/or if the order of the adopted model is
underestimated.

The identification method presented in this paper combines
elements of both frameworks in a way that preserves their ad-
vantages. We start from reviewing known properties of the ex-
ponentially weighted basis function (EWBF) and gradient basis
function (GBF) estimators obtained for the model [(1) and (2)].
The frequency-adaptive versions of the EWBF/GBF algorithms,
based on a simple gradient search strategy, are next derived. The
EWBF/GBF trackers are capable of following slow changes in
the amplitudes and frequencies of , but they require prior
knowledge of the number of frequency modes, and may fail to
work correctly in the presence of frequency jumps. Addition-
ally, they may have problems with initial convergence if the ini-
tial frequency estimates are not sufficiently close to the true fre-
quencies. To overcome difficulties mentioned above, a special
nonparametric identification technique, based on the general-
ized (system) periodogram, is proposed. We show that both the
number of frequency components and the corresponding fre-
quency values can be estimated by means of localizing “sig-
nificant” periodogram peaks. We prove that the frequency-se-
lection problem can be solved using the suitably modified ver-
sion of the Akaike’s final prediction error criterion. Finally, we
show that all initial conditions, needed to start (or restart) the
EWBF/GBF algorithms, can be established using the results of
nonparametric, periodogram-based analysis.

II. TRACKING ALGORITHMS

For the sake of clarity, the development of the parameter
tracking algorithm will be carried out in two steps. First, we
will review known results on the recursive EWBF and GBF al-
gorithms (generalized notch filters). In the second step, we will
show how both algorithms can be made frequency-adaptive.

A. Known Frequencies

Suppose that only the complex amplitudes in (2) are (slowly)
time-varying, whereas the frequencies are constant and known,
i.e.,

Denote by the vector of system
coefficients associated with a particular frequency . Similarly,
let be the generalized regression vector asso-
ciated with the th frequency component. Using the short-hand
notation introduced above, (1) can be rewritten in the form

where ,
,

, and denotes the Kronecker product of
two vectors/matrices.

The estimator of , capable of tracking slow changes in
, can be obtained from

(4)

where ( ) denotes the so-called forget-
ting constant—the design parameter which controls the memory
of the estimator, and hence allows one to trade off between its
tracking speed and tracking accuracy.

Since the estimator (4) combines the basis function pa-
rameterization (it is assumed that system parameters can be
expressed as linear combinations of known functions of time,
called basis functions) with exponentially weighted least
squares estimation, it will be further referred to as the exponen-
tially weighted basis function estimator [6].

Straightforward calculations lead to

(5)

The EWBF estimate can be evaluated recursively using

(6)

where .
To avoid inversion of the matrix in the startup phase

of the estimation, the initial conditions for (6) should be set to
and , where denotes a large positive
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constant—this is a standard initialization procedure for all re-
cursive least square type recursive estimation algorithms [7].

The tracking characteristics of the EWBF algorithm, such as
its equivalent estimation memory (deciding upon the estimation
bandwidth, i.e., the frequency range in which estimation can be
carried out successfully) and the associated impulse response,
were established and analyzed in Niedźwiecki and Kłaput [8].
As argued in [8], when the input sequence is wide-sense
stationary and persistently exciting, the tracking characteristics
mentioned above remain practically unchanged if the regression
matrix in (5) is replaced with its expectation, i.e., if
is replaced with

(7)

where

We will rely on this observation in Section III.
Even for moderate values of (the number of system coef-

ficients) and (the number of frequency modes) the EWBF al-
gorithm is computationally very demanding, as it requires up-
dating the matrix . The low complexity stochastic
gradient counterpart of (6) can be obtained by replacing the ma-
trix with a scalar gain. The resulting gradient basis func-
tion algorithm can be written in the form

(8)

where denotes a small stepsize coefficient.
Despite its simplicity the GBF filter can be shown to have

similar tracking capabilities as the EWBF filter. The main dif-
ference lies in initial convergence, which for the GBF algorithm
may be very slow [8].

B. Unknown Frequencies

Even though the EWBF filter is robust to small local changes
in frequencies, i.e., changes around the known nominal values

, it will fail to identify the system correctly in the
presence of a frequency drift [8]. We will adopt a very simple
gradient search strategy to derive the frequency-adaptive ver-
sion of the EWBF algorithm.

Denote by

(9)

where , the instantaneous measure of fit. The
gradient algorithm for minimization of (9) can be expressed in
the form

(10)

where denotes derivative of with respect to ,
evaluated at the point , and is a small adaptation gain.

Observe that in the general time-varying case

where

Therefore

Using the notation introduced above, the frequency-adaptive
version of the EWBF algorithm (6) can be summarized as fol-
lows:

(11)
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The frequency-adaptive version of the GBF algorithm (8) can
be written down in the form

(12)

To smooth out frequency estimates, the instantaneous measure
of fit (9) can be replaced with the following averaged measure
of fit

(13)

where . All that one needs to do to incorpo-
rate this change is replace the ”instantaneous” gradient
term in (11) or (12) with the averaged gradient term

.
To our best knowledge the algorithms (11) and (12) are the

first working gradient-based frequency-adaptive EWBF/GBF
procedures for system identification. Derivations of the two
gradient algorithms proposed earlier by Tsatsanis and Gian-
nakis [1] and Bakkoury et al. [3] were based on the assumption
that , i.e., that the estimated frequencies
are unknown but constant. For this reason both algorithms are
not capable of tracking time-varying frequencies unless some
heuristic modifications are introduced.

A different method of frequency tracking, based on the recur-
sive prediction error (RPE) approach, was proposed in [9]. Even
though the computational complexity of gradient algorithms is
much lower than the complexity of the RPE algorithms, the cor-
responding filters have similar tracking capabilities. The price
paid for reduced computational complexity of gradient algo-
rithms is their poor initial convergence. First, when the starting
values are too far from the true values, the gra-
dient-based algorithm may not “lock” on the true frequencies.
Second, even if the convergence takes place, the convergence
rate is usually much slower than that of the comparable RPE al-
gorithm. In the next section we will show how both drawbacks
can be eliminated using the nonparametric identification tech-
nique.

III. INITIALIZATION

In this section we will show that all initial conditions needed
to start (or restart) the EWBF or GBF algorithm can be in-
ferred from the nonparametric [discrete Fourier transform

(DFT)-based] system identification results, obtained for a short
startup fragment of the input–output data.

A. Selection of Frequencies

Consider the case where the frequencies are constant in the
time interval covering the first samples. For
constant frequencies it is reasonable to set , so that the es-
timation is carried out without forgetting. In this case the EWBF
estimator turns into the BF (basis function) estimator for which
it holds

(14)

Based on (14), the estimate of the time-varying parameter tra-
jectory of the identified system can be obtained from

(15)

The residual sum of squares associated with (15) can be ex-
pressed in the form

(16)

In order to arrive at DFT approximations we will assume that the
frequencies, forming the set , are constrained
to a grid of equidistant frequencies

, but neither the number of frequency components
nor their exact location is known a priori. The grid constraint

will be relaxed later on. Additionally we will assume that the
input sequence is wide-sense stationary with positive-definite
covariance matrix .

Note that in the case considered, the basis functions are mu-
tually orthogonal in the interval , that is, for any selection of

from , it holds that

(17)

Therefore

and [see (7)]

(18)
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where

and denotes the sample estimate of

(19)

When the input signal is known to be white, as in the channel
equalization application, one can set , where

.
The quantities can be evaluated using the

discrete Fourier transform. Let

Observe that and

If is the power of two, then the DFT can be efficiently com-
puted using a fast Fourier transform (FFT).

Note that the quantity can be regarded an estimate of
the cyclic cross-correlation coefficient of and

where

Cyclic cross-correlation is a standard tool for analysis of cyclo-
stationary systems—see, e.g., Giannakis [10].

The quantity

(20)

will be further referred to as generalized periodogram, or system
periodogram. The name stems from the fact that (20) can be con-
sidered generalization, to the system case, of the classical con-
cept of signal periodogram. Actually, observe that in the signal
case, where and , that (20) reduces to

where

DFT

i.e., the generalized periodogram becomes identical with the
classical (signal) periodogram.

According to (7) and (18), the sum of generalized peri-
odogram values

can be regarded an estimate of the quantity

Hence, to minimize the residual sum of squares (16), i.e., to
maximize the least squares fit, one should pick frequencies

which correspond to the largest values of system
periodogram.

The system periodogram is a statistic which combines in a
meaningful way information contained in the entire set of cyclic
cross-correlation functions . Combined anal-
ysis is needed, otherwise some of the frequency components
may be not detected. Note, for example, that for uncorrelated
input the condition entails . In a case like
this the frequency cannot be detected by examining the cyclic
cross-correlation spectrum . However, when at least one
of the coefficients differs from zero, joint anal-
ysis of the spectra should reveal the pres-
ence of . System periodogram allows one to perform such
analysis.

B. Selection of the Number of Frequency Modes

We will show that the problem of selection of the number
of system frequencies can be solved using the Akaike’s model
order selection criterion. Although the Akaike information cri-
terion (AIC) [11] is better known than its forerunner, the final
prediction error (FPE) criterion [12], it is the latter that seems to
better fit our current purposes. By final prediction error Akaike
meant the steady-state variance of the one-step-ahead predic-
tion error evaluated for the identified stationary autoregressive
process. Quite obviously, this is not an adequate measure of fit
for a nonstationary finite impulse response system, analyzed in
this paper.

Denote by another set of mea-
surements, independent of the set
that was used for parameter estimation. We will assume that the
sequences and arise from the identified system under
the same experimental conditions, that is, they are obtained for
the same input sequence but different (mutually indepen-
dent) noise sequences and , respectively.

To evaluate predictive capability of the model (15) in the anal-
ysis interval , we will use the following measure
of fit:

(21)
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where the expectation is taken over , i.e., over
. Note that this measure fulfills the basic principle

of model evaluation: the model should be tested on a different
data set than that used for determination of its parameters.

Denote by the set of frequencies corresponding
to the “true” system model. One can show that, when

—that is, when the true system model of order belongs to
the considered model class—it holds that (see Appendix 1)

(22)

Note that when the model is overparametrized ( ) its pre-
dictive capability decreases—this is the price paid for estimation
of superfluous parameters, which are in fact zero.

If the model is not underparametrized, one obtains (see Ap-
pendix 2)

(23)

Combining (22) with (23), one arrives at the following unbiased
estimate of :

(24)

which can be easily recognized as the Akaike’s final prediction
error statistics. Even though for underparametrized model struc-
tures (24) loses its interpretation as an estimate of the “final pre-
diction error,” it still reflects predictive ability of the evaluated
models—see, e.g., Söderström and Stoica [7].

The residual sum of squares can be approximated with

(25)

where

(26)

This, finally, leads to the following criterion of model structure
selection: choose the model that minimizes

FPE (27)

Remark 1: It is known that neither the FPE nor the (asymp-
totically equivalent) AIC estimates of the model order are con-
sistent: when Akaike’s criteria are used the probability of model
overfitting does not vanish to zero when —see, e.g., [7].
Since we are primarily interested in selecting the model with the
best predictive capability, the property well reflected by the FPE
statistics, inconsistency is a minor problem, if any.

Remark 2: So far the problem of detection and estimation of
system frequencies has been solved using the methods of cyclo-
stationary analysis.

Tsatsanis and Giannakis [1] proposed a solution based on
joint analysis of the cyclic second-order and fourth-order cumu-
lants of the output signal. The remarkable feature of this solu-
tion is that it does not require knowledge of the input sequence.
On the negative side, the method described in [1] is fairly com-
plicated, as it relies on simultaneous detection of pairs of re-

lated peaks in two cyclic spectra. Additionally, under certain
circumstances it may suffer from nonidentifiability and nonde-
tectability problems.

Bakkoury et al. [3] suggested a different framework, which
bears some resemblance to our approach. It is based on localiza-
tion of significant peaks in the cyclic cross-corelation spectra of
system inputs and outputs. Unfortunately, no comparison can be
made since the description in [3] is rather sketchy (the proposed
frequency-selection procedure was not described in detail).

In both approaches mentioned above, frequency detection is
based on cyclostationarity tests (see, e.g., [14]). The problem
with such tests is that they are not directly related to any agree-
able performance measure. In contrast with this, in our approach
it is the predictive capability of the model that decides whether
a specific frequency component should or should not be incor-
porated.

C. Refinements

If the true frequencies fall in between the grid nodes, the
system periodogram becomes diffused. This means that not just
one but several adjacent periodogram values can be attributed
to a single frequency component. Quite obviously, in a situ-
ation like this, instead of examining the highest periodogram
values one should apply the discrimination procedure to the
highest periodogram peaks ( is a periodogram peak if

).
The aim of the second modification is to provide more ac-

curate frequency and amplitude estimates. The simplest way of
achieving this is by means of zero-padding. When DFT is ap-
plied to a sequence extended with zeros, system periodogram
can be evaluated and searched for local maxima on a finer grid of
frequencies. For example, when the original sequence of length

is extended with zeros, so that the new
length is , frequency quantization errors, which limit
accuracy of the DFT-based estimation procedure, can be re-
duced by a factor of four. It should be stressed, however, that
one is not allowed to extend the AIC-based selection rule to the
zero-padded (higher resolution) periodogram. This is because
for the one-to-one correspondence between DFT and
the method of least squares does not hold any more. All deci-
sions concerning the number of system frequencies should be
based on the unpadded periodogram.

Note that when zero padding is used to obtain the corrected
frequency estimates , it holds that

for
for

(28)

where . It turns out that noticeable improve-
ments can be achieved in the startup phase of the EWBF algo-
rithm if (28), rather than (17), is used to initialize the matrix
in (11) (see below).

So far we have been assuming that signal frequencies and am-
plitudes can be regarded constant in the startup interval covering
the first input–output samples. In practice this is only approx-
imately true, i.e., it is more realistic to assume that all quantities
are slowly time-varying also in the startup interval. It is known
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that, when applied to a nonstationary system, the least squares
estimator based on data points introduces an estimation delay
of 1 2 samples [6]. For even this means that and

can be viewed as estimates of 2 and 2 , or of
2 1 and 2 1 , rather than of and ,

respectively. For this reason, to further reduce transients, it may
be worthwhile to start the EWBF (GBF) algorithm at the instant

2, rather than at the instant .

D. Initialization Procedure

After introducing corrections described above, the initializa-
tion procedure can be summarized as follows:

1. Compute the sample estimate of the covariance ma-
trix .

2. Use DFT to compute system periodogram ,
.

3. Pick the frequencies , in the order
of decreasing periodogram peaks, so that corresponds
to the maximum periodogram peak, corresponds to the
second maximum peak etc.

4. Select the number of frequency components by mini-
mizing the FPE statistics.

5. Use zero-padding to obtain the corrected frequency es-
timates (search the zero-padded periodogram
for the maxima localized in the close neighborhood of the
previously selected frequencies) and the corresponding
DFT values: , .

6. Set initial conditions:
, ,

,
and (for the EWBF algorithm only):

.
Note that the same procedure can be used to restart the

EWBF/GBF algorithm each time a frequency jump occurs
and/or a new frequency component emerges. Both events can
be detected by monitoring prediction errors .

Remark: Whentheextendedsequencelength isamul-
tipleof thebasicsequencelength , theunpaddedDFT,evaluated
at Step 2, is a subset of the zero-padded DFT, required at Step 5.
In cases like this there is no need to evaluate DFT twice.

E. Bandwidth Matching Conditions

1) EWBF Algorithm: To shed more light on the operation of
the EWBF algorithm (6), consider the case where there is only
one, time-invariant frequency component . If the input signal
is wide-sense stationary and persistently exciting it holds that
[see (7)]

where the expectation is carried over .
Since, in the case considered, and

, one obtains

and asymptotically, for sufficiently large

(29)

where

According to (29), the EWBF algorithm behaves, on the av-
erage, as a narrow-band extraction filter centered at the fre-
quency . When the forgetting constant is close to one, the 3
dB bandwidth of this filter can be approximately expressed as

Observe that the mean parameter estimation error is given by

where the filter

can be easily recognized as the notch filter centered at the fre-
quency . This allows one to consider the EWBF algorithm a
generalized notch filter.

2) GBF Algorithm: Analysis of the mean behavior of the
GBF algorithm (8) resembles treatment of a classical least mean
square (LMS) algorithm. Suppose that regression vectors form
an independent identically distributed (i.i.d.) sequence (we will
comment on this constraint later on) and that only one periodic
component is present. Then it is straightforward to show that

which leads to

(30)

To guarantee mean stability of the GBF algorithm, the stepsize
must be chosen so as to fulfill the (well-known) constraint

where denotes the largest eigenvalue of .
The i.i.d. assumption, imposed earlier on , is very restric-

tive. Using bounding techniques developed for the purpose of
LMS analysis (see, e.g., [13]) one can show that (30) remains ap-
proximately true for -dependent regressors (the process
is called -dependent if for all the sequences and

are independent). Note that for white input
signal the sequence of regression vectors in (1) is -dependent,
which means that (30) extends to the channel identification case.

Denote by a unitary matrix converting into a diagonal
form

where is a diagonal matrix made
up of the eigenvalues of .

Setting and , one obtains the
equation shown at the bottom of the next page or, equivalently

(31)
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Note that is a collection of notch filters with the
same center frequency but with different bandwidths. Unlike
the EWBF case, the bandwidths of the component filters depend
not only on the user-defined quantities (stepsize ) but also on
the input data related factors (eigenvalues of the regression ma-
trix ). This is a clear disadvantage of the GBF algorithm, es-
pecially in cases where the eigenvalue disparity index of is
large.

When the components of the regression vector are mutually
uncorrelated, as in the channel identification application, it
holds that . Since all eigenvalues of are in this
case identical and equal to , one can rewrite (31) in a simpler
form

(32)

where

Note that in the special case discussed above notch filters as-
sociated with the GBF and EWBF algorithms become identical
after setting . Finally, note that when the eigen-
values of differ, the average 3 dB bandwidth of the filter bank

can be expressed in the form

3) Matching Conditions: When the analysis carried out
above is repeated for the BF algorithm (14), trimmed to the
single frequency case, one obtains

(33)

where

Similarly as and , the filter
is centered at and narrow band. For sufficiently large , its
3 dB bandwidth can be obtained from

Since is “switched” to (or to
) in the initial phase of identification, it is rea-

sonable to require that both filters have identical bandwidths.
Setting , one arrives at the following bandwidth
matching conditions:

(34)

Fig. 1. Estimation of the number of basis frequencies using the nonparametric
approach: (upper plot) the generalized periodogram and (lower plot) the FPE
statistic.

which guarantee smooth transition from one filter to another
at the switching point. The analogous conditions for the GBF
algorithm can be obtained after setting .

For the EWBF algorithm, the analysis carried out above can
be easily extended to the multiple frequencies case provided that

i.e., provided that all frequencies are separable by the corre-
sponding extraction filters. In the presence of eigenvalue dis-
parity the analogous separability conditions for the GBF algo-
rithm are more demanding.

IV. SIMULATION RESULTS

Figs. 1 and 2 show typical results obtained for a simulated
time-varying communication channel with two impulse re-
sponse coefficients and ( ), each of which was
modeled as a linear combination of four complex exponentials
( ). The weighting coefficients in (2) had constant values
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Fig. 2. (Upper plot) Frequency estimates and real parts of (middle plot) � (t)
and (lower plot) � (t) yielded by the EWBF algorithm initialized at instant t =
128 in the way described in this paper. Solid lines depict true values and dotted
lines show evolution of the corresponding estimates. Broken vertical lines show
the moment of initialization of the recursive identification algorithm.

The white 4-QAM sequence was used as the input signal
( , ) and the disturbance was white
and Gaussian with variance .

Fig. 1 shows the system periodogram, obtained for the first
256 input/output samples (upper plot) and the corresponding
FPE statistic (lower plot). Quite clearly, generalized peri-
odogram is a powerful tool that gives interesting insights into
the structure of the investigated system. The FPE criterion
indicates that there are four significant system frequency com-
ponents, which is actually true.

Fig. 2 shows what happens when the adaptive EWBF algo-
rithm (11) ( , ) is initialized using the results
of nonparametric, periodogram-based system analysis (

, ). Note that when the EWBF filter is started in
this way, its response is practically free of initialization tran-
sients. More importantly, simulation experiments indicate that
without frequency preestimation, the adaptive EWBF algorithm
on most occasions fails to lock onto correct frequencies. The

Fig. 3. (Upper plot) Frequency estimates and real parts of (middle plot) � (t)
and (lower plot) � (t) yielded by the GBF algorithm initialized at instant t =
128 in the way described in this paper. Solid lines depict true values and dotted
lines show evolution of the corresponding estimates. Broken vertical lines show
the moment of initialization of the recursive identification algorithm.

analogous results obtained for the GBF algorithm ( ,
) are depicted in Fig. 3.

To test efficiency of the FPE-based model order selection rule,
we performed tests for the system described above, subject to
100 different realizations of the measurement noise sequence
and four different levels of the noise variance (in all cases the
same input sequence was used). The results, gathered in Table I,
confirm good properties of the proposed method. The tendency
of FPE to overestimate the model order is not strongly empha-
sized unless the signal-to-noise ratio becomes very small.

Fig. 4 summarizes results of a Monte Carlo experiment, ar-
ranged to compare parameter tracking capabilities of the EWBF
and GBF algorithms. According to the plots, showing the mean-
squared norms of parameter estimation errors
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TABLE I
NUMBER OF FREQUENCIES SELECTED BY THE FPE RULE FOR

100 REALIZATIONS OF THE NOISE SEQUENCE AND FOUR

DIFFERENT VALUES OF NOISE VARIANCE

Fig. 4. Comparison of parameter tracking capabilities (evolution of the mean
squared norms of parameter estimation errors) of the (middle plot) EWBF
algorithm and (lower plot) GBF algorithm. The upper plot shows evolution
of the squared norm of the true parameter vector. The middle and lower plots
were obtained by averaging results of 100 simulation runs corresponding to
different noise sequences and a fixed input sequence.

the compared algorithms yield almost identical results (the
EWBF algorithm is slightly better in the startup phase). This
is hardly a surprise since under the white noise excitation all
eigenvalues of are identical. When the eigenvalue disparity
index of is large ( ), the differences
between EWBF and GBF become more pronounced. The error
plots were obtained by averaging results of 100 simulation runs

(corresponding to different realizations of the noise sequence).
As a reference, the plot of the squared norm of the true param-
eter vector is also shown in Fig. 4.

V. CONCLUSION

The problem of identification of quasi-periodically varying
finite impulse response systems was considered. Given that
the number of system frequency modes is known a priori, and
that good initial estimates of system frequencies are available,
this problem can be solved using the model-based algorithms
called generalized adaptive notch filters. We have shown that
the number of frequency modes, as well as all initial conditions
needed to smoothly start, or restart, generalized adaptive notch
filters, can be inferred from nonparametric DFT-based analysis
of a short startup fragment of input–output data. Such mixed
nonparametric/parametric approach preserves advantages of
both treatments. The resulting estimation procedure combines
good tracking capabilities, typical of model-based solutions,
with global frequency search, typical of DFT-based approach.
Additionally, it allows one to almost completely eliminate
startup transients.

APPENDIX I
DERIVATION OF (22)

Since we assumed that the model is not underparametrized,
it holds that

where denotes the vector of true system coefficients (when
some of these coefficients are zero) and the noise se-

quence is independent of , and hence independent of
. Therefore

and

(35)

Straightforward calculations lead to
where .

Since the noise sequence is white it holds that
, where the expectation is

carried over . Therefore

Combining the last result with (35), one obtains

APPENDIX II
DERIVATION OF (24)

Observe that
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which leads to

Therefore
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[8] M. Niedźwiecki and T. Kłaput, “Fast algorithms for identification of pe-
riodically varying systems,” IEEE Trans. Signal Process., vol. 51, pp.
3270–3279, 2003.
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