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Tracking Analysis of a Generalized
Adaptive Notch Filter

Maciej Niedźwiecki and Piotr Kaczmarek

Abstract—The paper presents results of local performance
analysis of a generalized adaptive notch filter (GANF). GANFs
are used for identification/tracking of quasi-periodically varying
dynamic systems and can be considered an extension, to the
system case, of classical adaptive notch filters. The tracking
properties of the algorithm are studied analytically using a direct
averaging approach and an approximating linear filter technique.
Even though restricted to a single-frequency case, the presented
analysis provides valuable insights into the tracking mechanisms
of GANF, including the associated speed/accuracy tradeoffs, the
achievable performance bounds, and tracking limitations. In
addition, it allows one to formulate some useful rules of thumb for
choosing design parameters.

Index Terms—Basis function approach, frequency estimation,
system identification, time-varying processes.

I. INTRODUCTION

A. Problem Statement

GENERALIZED adaptive notch filters (GANFs) [1]–[3],
were designed for the purpose of identification/tracking

of quasi-periodically varying complex-valued systems, i.e., sys-
tems governed by

(1)

where denotes the normalized discrete time,
denotes the system output,
is the regression vector, is an additive noise and

denotes the vector of time
varying coefficients, modeled as weighted sums of complex
exponentials

(2)

All quantities in (1) and (2), except angular frequencies
, are complex valued. Since the complex

amplitudes incorporate both magnitude and phase infor-
mation, there is no explicit phase component in (2).

It will be assumed that both the amplitudes
and frequencies in (2) are slowly time varying

and that
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, is a complex white noise of variance
, independent of the sequence of regression vectors .
One of the possible interesting applications, which admits

such problem formulation, is identification of multipath (e.g.,
mobile radio) channels—see e.g., [4]–[6]. In this particular case
the regression vector is made up of past input (transmitted)
symbols, is the received baseband signal, is the vector
of time varying impulse response coefficients of the channel,
and the angular frequencies correspond to Doppler
shifts along different paths of signal arrival (when the speed
of the vehicle changes over time, Doppler shifts are also time-
varying).

B. Generalized Adaptive Notch Filter

Denote by the vector of system
coefficients associated with a particular frequency . Similarly,

let , where , be the
generalized regression vector associated with the th frequency
component. Using the short-hand notation introduced above, (1)
and (2) can be rewritten in the form

From different algorithms capable of tracking both complex am-
plitudes and frequencies in a system governed by (1) and (2), we
have chosen a relatively simple solution described in [3], which
combines the exponentially weighted least squares approach to
amplitude tracking with gradient search approach to frequency
tracking

(3)
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where and

.
In the above algorithm , usually set close to

one, denotes the so-called forgetting constant, which controls
the rate of amplitude adaptation, and , usually set close to
zero, denotes the stepsize coefficient, which controls the rate of
frequency adaptation.

The initial conditions for (3) should be set to and
, where denotes the identity matrix

and is a large positive constant—this is a standard initialization
procedure for all recursive least-squares estimation algorithms
[7].

The problem of identification of quasi-periodically varying
systems can be considered a generalization, to the system case,
of a classical signal processing task of either elimination or ex-
traction of nonstationary sinusoidal signals buried in noise. Ac-
tually, note that when and the model (1)
and (2) becomes a description of a noisy nonstationary multi-
frequency signal

(4)

In this special case, the GANF (3) becomes an “ordinary” adap-
tive notch filter1

(5)

where and
.

The problem of elimination and extraction of complex sinu-
soidal signals (called cisoids) buried in noise was considered by
many authors (see e.g., [8] and [9], and the references therein).
Interestingly, the signal processing algorithm (5) does not coin-
cide with any of the existing solutions.

C. Contribution and Novelty

The main purpose of our paper is analysis of tracking capabil-
ities of the GANF (3) and its signal-oriented counterpart (5). We
will relate performance of both algorithms to the system/signal
characteristics, such as the signal-to-noise ratio (SNR) and the
rate of frequency variation, as well as to the user-dependent
quantities such as the forgetting constant and the step size .

1By adaptive notch filter, we mean here any notch filtering algorithm that is
capable of tracking the signal frequency changes. In the notch filtering literature,
the term “adaptive notch filter” (ANF) is often reserved for a special class of
filters with constrained poles and zeros.

These analytical results will allow us to rationalize the choice
of design variables and to specify conditions under which the
system/signal parameters can be tracked successfully.

The paper is organized as follows. In Section II, we use the
approximating linear filter technique, developed by Tichavský
and Händel in their seminal paper [8], to analyze performance
of the signal processing algorithm (5) in a neighborhood of
its equilibrium state. Even though heuristic and restricted to a
single-frequency case , this analysis provides valuable
insights into the tracking mechanisms, including the speed/ac-
curacy tradeoffs, the achievable performance bounds, and
tracking limitations. Based on these results, we formulate some
useful tuning rules. The results of linear filter approximation
allow us also to compare the algorithm (5) with several other
known solutions to the problem of adaptive notch filtering.
In Section III, we show that most of the conclusions reached
for the signal processing algorithm (5) can be extended to the
system identification algorithm (3). Section IV presents the
results of simulation experiments, and Section V concludes.

II. ANALYSIS OF SIGNAL IDENTIFICATION ALGORITHM

A. Reparametrized Algorithm

Before we start analyzing tracking properties of the signal
identification algorithm (5), we will convert it into a more con-
venient “fixed-basis” form by applying the linear time-varying
transformation

(6)

where . (See [10] for more
details on interpretation and advantages of the fixed-basis
parametrization of nonstationary systems.)

Using (6) and , one can
rewrite (5) in the following form:

(7)

where
and .

It should be emphasized that the algorithms (5) and (7) are
strictly input–output equivalent, i.e., when started with the same
initial conditions , they yield
identical signal estimates .
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As is straightforward to check, the algorithm (7) is almost
identical with the algorithm known as multiple frequency
tracker (MFT), proposed by Tichavský and Händel (see [8,
(9)–(11)]). It turns out that the only difference lies in the fre-
quency update mechanism, which in the case of MFT has the
form (in our notation)

In the paper [9], which is a follow-up of [8], Tichavský and
Nehorai analyzed four different frequency tracking algorithms:
the multiple frequency tracker (summarized above), the adap-
tive notch filter with constrained poles and zeros (a variant of
the algorithms presented, e.g., in [11] and [12], adapted for
complex-valued signals), the hyperstable adaptive line enhancer
[13]–[15], and the adaptive infinite-impulse response (IIR) filter
described in [16]. Using the approximating linear filter (ALF)
technique, introduced in [8], Tichavský and Nehorai have shown
that local properties of all four algorithms are approximately the
same. Approximating linear filters characterize the relation be-
tween the sequences of estimation errors and the sequences of
measurement noise and of the one-step changes of the true
frequency , provided that the analyzed algorithms
operate in a neighborhood of their equilibrium state. Although
the ALF-based analysis is heuristic (no strict mathematical con-
ditions of its applicability were given in [8]), it provides results
that are insightful and stay in very good agreement with simu-
lation experiments. We will use the same tools to analyze (7).

B. Analysis for a Single Cisoid

Similarly as in [8], we will consider a single frequency case
and steady state tracking conditions. Note that for

, the scalar counterpart of the matrix , de-
noted by , tends to a constant steady-state value

. Hence, in the case considered, one can
rewrite (7) in a much simpler form

(8)

where .
For MFT the analogous equations are identical with (8), ex-

cept that

(9)

We will confine our study to a constant magnitude signal model

(10)

Note that using (10), the noisy signal can be expressed
in the following nonrecursive form (cf. (4)):

where .
Denote by and

the signal estimation error and frequency estimation
error, respectively. Let

(11)

It is straightforward to check that
and that , similarly as , is a

complex-valued white noise obeying
.

Using the technique proposed in [8], the following result can
be proved.

Proposition 1: Assume that the sequences and
are uniformly small so that one can neglect higher than

first-order moments of their elements. Then, the algorithm (8)
applied to signal

(12)

can be approximately described by the following linear filtering
equations

(13)

where .
Derivation: See Appendix I.

Solving the approximating linear equations (13) with respect
to , and , one obtains

(14)

where denotes the backward shift operator and

(15)

It is easy to check that for any and from the interval (0,1),
the poles of all transfer functions in (15) lie inside the unit
circle in the complex plane. Hence, under the constraint men-
tioned above, the approximating linear filter associated with (8)
is stable.
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One of the main advantages of the ALF approach is that it
gives interesting insights into tracking capabilities (and tracking
limitations) of the analyzed algorithms. In addition, it allows one
to compare different solutions to adaptive notch filtering.

Remark: The term “uniformly small sequences,” used in for-
mulation of Proposition 1, was borrowed from Tichavský and
Händel and needs further clarification. Although the conditions
under which one can neglect higher order moments in tracking
analysis of adaptive filters were not explicitly formulated in [8],
it is clear that sequences that are white, Gaussian and mutually
uncorrelated satisfy this requirement. We have a rich simulation
evidence which suggests that ALF analysis remains valid under
considerably less stringent conditions imposed on the driving
and measurement noise sequences.

C. Tracking Characteristics

Following many earlier tracking studies, we will assume that
the frequency evolves according to the random walk model,
i.e., that the frequency increments form a zero-mean white-
noise sequence with variance , independent of . Then,
using standard results from the linear filtering theory, one ar-
rives at

(16)

where

is an integral evaluated along the unit circle in the -plane, and
denotes any stable proper rational transfer function.

By means of residue calculus (see, e.g., [17]), one obtains

(17)

where and all approximations hold for suffi-
ciently small values of and .

Finally, combining (16) with (10), (11), and (17) one arrives
at the following expressions for the steady-state mean-squared
signal estimation and frequency estimation errors:

(18)

(19)

Even though the above variance (i.e., second-order) expressions
were derived based on the first-order ALF approximations, and
therefore without further statistical analysis they are not well
justified from a theoretical viewpoint, they remain in perfect
agreement with experimental results for a wide range of SNR
rates (see Section IV. Observe that in each of the derived for-
mulas there are terms proportional to the adaptation gains

and , and terms inversely proportional to and
. This stays in agreement with the well-known fact in adaptive

filtering: the adaptation gains should be chosen so as to com-
promise between the tracking speed of an adaptive filter (which
increases with growing and ) and its noise rejection capa-
bility (which decreases with growing and ) [10].

Denote by and the values of and that minimize
the mean-squared signal estimation error, and by and
the analogous quantities that minimize the frequency estimation
error. Straightforward calculations yield

(20)

and

(21)

where

(22)

Note that the optimal values of design parameters and the best
achievable performance are functions of a scalar coefficient
—a product of the SNR and the variance of frequency

changes . The coefficient can be regarded a measure of
signal nonstationarity and plays an important role in analysis
of tracking capabilities of the algorithm (8).

Beyond any doubt, performance of an adaptive filter can
be regarded entirely satisfactory if it does not significantly
differ from performance achievable under exact knowledge of
signal parameters. Using (20), one can easily establish condi-
tions under which the algorithm (8) fulfills this requirement.
Demanding that the mean-squared signal estimation error

, which for small adaptation gains is approx-
imately equal to the excess prediction error ,
be much smaller than the minimum attainable mean-squared
prediction error, equal to , one arrives at the following
condition:

(23)

which guarantees that the performance “overhead” due to adap-
tation will be small. Assuming that the term “much smaller” can
be interpreted as “at least ten times smaller,” one can rewrite (23)
in a more explicit form as . Quite obviously, the an-
alyzed algorithm will not cease to work if condition (23) is not
fulfilled, but its performance under such high degree of signal
nonstationarity may be far from satisfactory.

Our second remark will concern the frequency tracking
bound (21). According to Tichavský [18], under Gaussian
assumptions, the limiting value of the minimum achievable fre-
quency tracking error (called posterior Cramér–Rao bound in
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[18]) for a single noisy cisoid with frequency varying according
to the random walk model is given in the form

(24)

where and . Note
that when , which is a less stringent condition than
(23), it holds that and .
A comparison of the resulting posterior Cramér–Rao bound

with (21) implies
that the analyzed algorithm (similarly as the other frequency
trackers, examined in [8] and [9]) is, in the range of applicability
of the ALF approximation, a statistically efficient procedure for
estimation/tracking of a slowly varying frequency .

Our last comment will be devoted to the problem of choice
of design variables and (or equivalently and ). First of
all, recall that , equal to , is a function of a signal power

. Therefore, unless is constant (which we
have been assuming so far) and known a priori, the user does
not have full control over the adaptation gain . This obvious
drawback can be eliminated by replacing the correction term

in (8) with the normalized correction term

(25)

where denotes a local estimate of , for ex-
ample

where is the local averaging coefficient (e.g.,
). Careful analysis shows that such modification does not

change equations of the approximating linear filter associated
with (8), provided that is redefined as . In this case,

is equal to , i.e., it is an entirely user-dependent quantity.
The modifications described above can be easily extended to
the multiple-frequency case.

Even though our optimization study was not based on real-
istic assumptions (the random walk model of signal frequency
variation can be criticized as rather naive), its results, summa-
rized in (20) and (21), have some practical relevance as they
suggest useful tuning rules. Observe that the optimal settings
of ( and ) are proportional to the squares of the corre-
sponding settings of and , respectively). Therefore, to
make tuning easier it may be worthwhile to set (when
signal tracking is the main objective) or (if frequency
tracking is the main goal). The problem is then reduced to se-
lection of a single design parameter . Optimization of can be
performed either sequentially (e.g., by setting ,
where is a continuously updated local estimate of the rate
of signal nonstationarity—see, e.g., [19] and [20]), or using the
parallel estimation approach (which combines in a rational way
the results yielded by a bank of adaptive filters with different
settings—see, e.g., [21] and [22]). Because of the lack of space
such fully adaptive procedures will not be discussed here.

D. Comparison With Known Adaptive Notch
Filtering Algorithms

We will start from presenting ALF results for the multiple
frequency tracking algorithm based on (9). While the frequency
tracking results summarized below are known (they are suit-
ably modified versions of the results derived in [8]), the signal
tracking analysis is new and seems to be presented for the first
time.

Proposition 2: Assume that all conditions of ALF analysis
are fulfilled. Then the MFT algorithm applied to the signal (12)
can be approximately described by (14) with

(26)

where .
Derivation: See Appendix II.

One can check that the substitution (or equiv-
alently ) converts transfer functions (15), derived in the
previous subsection for the algorithm (8), into the transfer func-
tions (26), characterizing local behavior of the MFT algorithm.
It is therefore clear that for a single noisy cisoid, both algorithms
have essentially the same signal tracking and frequency tracking
properties, i.e., they achieve the same signal tracking and fre-
quency tracking performance bounds, they show approximately
the same sensitivity to the choice of design parameters, etc. In-
terestingly, the same conclusion was reached in [9], where the
multiple frequency tracker was compared with yet another three
adaptive notch filtering algorithms, mentioned at the beginning
of Section II. The equivalence, pointed out previously, means
also that the alternative tuning rule suggested in [8], which aims
at maximization of the noise rejection rate for a fixed settling
time of MFT, can be easily adapted to the GANF algorithm (7).

III. ANALYSIS OF SYSTEM IDENTIFICATION ALGORITHM

Similarly as in the signal identification case, we will trans-
form the original system identification algorithm (3) using the
following mappings:

(27)

where and denotes the Kronecker product
of the corresponding matrices. Let and
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. Using (27), one can express the

algorithm (3) in the following equivalent form:

(28)

Similarly, as in Section II, we will consider the single-fre-
quency case . Note that in this case,

and the matrix can be written down in an
explicit form

(29)

If the sequence of regression vectors is wide-sense stationary
and persistently exciting, and is close to 1, one can replace the
matrix inverted in (29) with its expectation [23]. This results in
the following steady-state approximation:

(30)

where .
Using this approximation, the GANF algorithm (28) can be,

for a system with a single-frequency mode, rewritten in a sim-
plified form, as follows:

(31)

which will be a subject of our further analysis.

A. Tracking Characteristics

Let

Note that is a complex-valued white noise with vari-
ance . One can show that

and .
Using the notation introduced above, one can prove
Proposition 3: Assume that all conditions of ALF analysis

are fulfilled and that the sequence of regression vectors ,
independent of and , is wide-sense stationary and per-
sistently exciting. Then, the GANF algorithm (31) applied to the
system governed by

(32)

can be approximately described by (13) with ,
where .

Derivation: See Appendix III.
Since ALF associated with the GANF is the same as that de-

rived in Section II for the signal case, many of the conclusions
drawn there extend to the system case. In particular, analysis of
the frequency tracking error for random walk frequency varia-
tions (19), and the corresponding optimal settings (21) remain
valid in the system identification case. Similarly, as in the signal
case, the optimal values of design parameters are functions of a
scalar coefficient

(33)

which is a product of the SNR and the variance of
frequency changes , and which can be regarded a measure
of system nonstationarity. In addition, similarly as in the signal
case, one can make the tracking capability of the analyzed al-
gorithm (nearly) independent of the system-related statistics by
replacing the correction term in (31) with the normalized
correction term

(34)

where denotes a local estimate of
, for example

Unfortunately, the parameter tracking results cannot be
easily generalized to the system case. The estimate of
the noiseless system output is given
by , yielding the system tracking error

. If the adaptation gains
and are sufficiently small (the slow adaptation case) and the
sequence of regression vectors is wide-sense stationary,
the variance of the system tracking error (approximately equal
to the variance of the one-step-ahead excess prediction error)

is given by

. Hence, the quantity is
a natural extension, to the system case, of the signal tracking
statistic . The ALF-based analysis of (31) al-
lows one to evaluate .
Unfortunately, unlike the signal case, the above quan-
tity cannot be explicitly related to the system error
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. The only exception is a single-param-
eter system ( ) for which it holds that

, where
. Therefore, in this simple case, the signal-ori-

ented tracking results (18) and (20) remain valid for the system
identification algorithm (31).

B. Statistical Efficiency

Consider a system governed by (32) with the frequency
evolving according to the random walk model. Suppose that the
initial value is known, that the prior distribution of

is noninformative (i.e., for
) and that the white-noise sequences and

are mutually independent and Gaussian. In addition, suppose
that the driving sequence is wide-sense stationary and
independent of and .

Denote by the history of
system output available at instant , and by

—the analogous input history. Let
be any estimator (pos-

sibly biased) of the vector of instantaneous frequencies
. Then, under some regularity conditions

which can be easily verified in the Gaussian case, it holds that
[24], [18]

(35)

where

(36)

Since the density is a product of the likelihood
function and the prior density , the
matrix is the sum of the standard Fisher information matrix
(representing the information obtained from the data) and an
additional a priori information matrix (representing the prior
knowledge of the estimated parameters). Note that (35) implies
that

where denotes the th component of . Hence, the
limiting steady-state value of the mean-squared frequency esti-
mation error (posterior Cramér–Rao bound) can be obtained by
examining , which leads to the following result.

Proposition 4: The limiting value of the posterior
Cramér–Rao bound for the estimation of in the quasi-pe-
riodically varying system described above is given by (24) and
(33).

Proof: See Appendix IV. As argued in the previous
subsection, the best achievable performance of the GANF
algorithm (31), applied to a system with random-walk-type
frequency changes, is characterized by (22) with given by
(33). Hence, using the same arguments as in Section 2A, one
may conclude that, under the assumptions of the ALF approx-
imation, the optimally tuned GANF is a statistically efficient
estimator of a slowly drifting system frequency.

Fig. 1. Variance of the frequency estimation error �!̂(t) for an FIR system
with a single-frequency mode subject to a random walk drift. The theoretical
results (solid lines) are compared with simulation results obtained for different
values of � given 
 = 
 (upper plot) and different values of 
 given � = �

(lower plot); the corresponding SNRs were 0 dB (�), 5 dB (+), 10 dB (�), and
20 dB (�).

IV. SIMULATION RESULTS

Several simulation experiments were performed to verify re-
sults of theoretical analysis presented in Section III (since the
signal case was pretty well documented in [8] and [9], we fo-
cused exclusively on the system case). The results summarized
below were obtained for a time-varying two-tap finite-impulse
response (FIR) system governed by

where denotes a white 4-QAM input sequence
, and denotes a complex Gaussian mea-

surement noise. The impulse response coefficients of the system
were modeled as nonstationary cisoids

, with time-invariant complex “ampli-
tudes” . Note that in this case,

and . The evolution
of the frequency was modeled as a random walk process
with the variance of frequency increments set to
and with the starting value set to . Four noise levels
were considered ( , and ) to check tracking
performance of the GANF algorithm under different SNR con-
ditions (0, 5 10 and 20 dB, respectively). It should be empha-
sized that although the system described above was inspired by
channel equalization applications, it is definitely too simple to
have any practical relevance.

According to (21), to optimize frequency tracking, one should
set to and set to (i.e., set to

). Fig. 1 shows a comparison of theoretical
evaluations, based on (21), with the results of computer simula-
tions. For each SNR, the analysis was carried around the optimal
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Fig. 2. Typical results of system frequency tracking (upper plot) and system
parameter tracking (two lower plots). Solid lines depict true values, and dotted
lines show the evolution of the corresponding estimates (SNR = 5 dB).

Fig. 3. Evolution of�!̂(t);��̂(t) and u(t) for a typical run of the optimally
tuned GANF algorithm (SNR = 5 dB).

point . In the first experiment, was set to its optimal
value and was changed around . In the second experi-
ment, was set to , and was changed around . Both plots

shown in Fig. 1 were obtained by double averaging. First, the
mean-squared frequency estimation errors were computed for
different pairs and for a given frequency trajectory from
10 000 iterations of the GANF algorithm (after the algorithm
has reached its steady state). The obtained results were next
averaged over 50 realizations of , i.e., over 50 different
frequency trajectories. Note very good agreement between the
theoretical curves and the results of computer simulations.

Fig. 2 shows typical results of system parameter and fre-
quency tracking.

Finally, Fig. 3 shows the evolution of and
for a typical run of the optimally tuned GANF algorithm

. Note that, exactly as we assumed in Appendix III,
the quantities (a linear combination of the elements of
the modified error , defined in Appendix III) and
vary slowly compared with , i.e., compared with . This
confirms validity of the averaging approach which was used to
derive the approximating linear filter in the system case.

V. CONCLUSION

We have shown that performance of a generalized adaptive
notch filter (GANF), proposed for identification/tracking of
quasi-periodically varying systems, can be studied analytically
using a direct averaging approach and an approximating linear
filtering (ALF) technique. Such analysis provides valuable in-
sights into the tracking capabilities of the algorithm and allows
one to formulate useful rules of thumb for choosing its design
parameters. We have also shown that, under the conditions of
the ALF approximation, the optimally tuned GANF is a statis-
tically efficient estimator of a slowly drifting system frequency.

APPENDIX I
DERIVATION OF (13)

Since , it holds that

Combining the last two equations, one arrives at

Note that

For small frequency errors, it holds that .
Using this approximation and neglecting all terms of order
higher than one in and , one obtains

Therefore

and

The first two equations of (13) follow directly from the above
result.
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A similar technique can be used to cope with the frequency
update in (8). Note that

and

Combining the last two equations, and noting that

(since under our first-order approximation the terms propor-
tional to and can be neglected),
gives

Finally, since , the last equation is
equivalent to

which is the third equation of (13).
All approximations hold for sufficiently high signal-to-noise

ratio (SNR) and for a sufficiently low rate of frequency changes
compared with 1/SNR (see further comments in Section III-A).

APPENDIX II
DERIVATION OF (27)

Since the first two equations of (13) remain valid for the mul-
tiple frequency tracker, all one needs to do is find a counterpart
of the third equation for the modified gradient rule (9). We will
use approximations proposed in [8] (with slight modifications
due to notational differences). Note that

and

Hence, in the range of small values of , one obtains

leading to

Transfer functions, given by (26), can be easily obtained by
solving ALF equations with respect to and

.
Remark: There are three differences between our transfer

functions and , given by (26), and the transfer
functions derived in [8]

Note that Tichavský and Händel express frequency estimation
errors in terms of normalized noise

This explains the lack of the multiplier in the denominator
of , which is the counterpart of our . The re-
maining two differences are caused by the fact that our fre-
quency estimate corresponds to in [8].
This single-step time advance has two consequences. First, it
explains the presence of an additional term in the numer-
ator of . Second, since ,
the numerator of slightly differs from the numerator of

. Note, however, that the numerator of can be
rewritten in the form

. It can be easily checked that, in the range of applicability
of ALF, the asymptotic expressions for the mean-squared fre-
quency estimation error, which incorporate , are iden-
tical with the analogous expressions based on .

APPENDIX III
PROOF OF PROPOSITION 3

Note that

Therefore

and (cf. Appendix I)
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Multiplying both sides of the last equation with

, one obtains

where .
Assuming that the quantities and change

slowly compared with , approximate analysis of the modi-
fied estimation error can be carried out using the direct
averaging technique [25]. The averaging technique was pro-
posed and used for analysis of slowly varying adaptive systems.
Since the system (32) rapidly varies with time, some additional
arguments are needed to justify the slow variation assumption
mentioned above. Note that . It can be
shown that, for small values of and varies slowly
compared with , which is itself a slowly
varying quantity (in the case considered is a long-memory
estimator of a time-invariant coefficient vector ). Note,
in particular, that variation of is much slower than varia-
tion of and . Similar analysis can be carried for
(see Section IV for further comments on applicability of the
averaging technique to the system analyzed in the paper). Using
averaging, one obtains (with a slight abuse of the notation)

Since , one arrives at the relation-
ship

from which the first two equations of (13) follow immediately.
Turning to the frequency update recursions, observe that

where the (first-order) approximation was carried in the same
manner as in the signal identification case (see Appendix I). This
leads to

Using the averaging technique, one obtains

which constitutes the third equation of (13).

APPENDIX IV
DERIVATION OF THE POSTERIOR CRAMÉR–RAO BOUND

First, observe that in the case considered

where is a constant which does not depend on .
Note that

for
for

Therefore

where

for
for
for

and

where
for and
for
for
elsewhere

Since , one arrives at

which finally, after exploiting the wide-sense stationarity of
, leads to

where .
Since the expression for derived above is identical (up to

some obvious notational differences) with the analogous for-
mula obtained by Tichavský (see [18, eq. (18)]), the remaining
steps of the proof are exactly the same as those in [18].
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