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Generalized Adaptive Notch Smoothers for
Real-Valued Signals and Systems

Maciej Niedźwiecki and Adam Sobociński

Abstract—Systems with quasi-periodically varying coefficients
can be tracked using the algorithms known as generalized adap-
tive notch filters (GANFs). GANF algorithms can be considered
an extension, to the system case, of classical adaptive notch filters
(ANFs). We show that estimation accuracy of the existing algo-
rithms, as well as their robustness to the choice of design parame-
ters, can be considerably improved by means of compensating es-
timation delay effects which occur in the amplitude tracking and
frequency tracking loops of GANF/ANF filters. Apart from the in-
creased computational burden, the price for the achieved improve-
ments is paid in terms of a decision delay—the proposed general-
ized adaptive notch smoothing (GANS) algorithms must be run on
delayed input/output data sequences. Since such delay is accept-
able in many signal processing and system identification applica-
tions, the proposed solution seems to be an attractive alternative to
the currently available trackers.

Index Terms—Adaptive notch filters (ANF), frequency estima-
tion, identification of nonstationary systems.

I. INTRODUCTION

GENERALIZED ADAPTIVE NOTCH FILTERS
(GANFs) [1] are system identification algorithms used to

track parameters of quasi-periodically varying processes, i.e.,
processes governed by

(1)
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versity of Technology, Gdańsk, Poland (e-mail: maciekn@eti.pg.gda.pl;
adsob@eti.pg.gda.pl).

Digital Object Identifier 10.1109/TSP.2007.906747

where denotes the system output,
is the regression vector made up of

the measurable input signals, is the
vector of time varying coefficients, and denotes zero-mean
white measurement noise.

Each system coefficient is modeled as a linear combination
of sinusoidal signals with slowly varying amplitudes
and slowly varying frequencies . We note that
some rapidly fading telecommunication channels admit such
parametrization [2]–[5].

Consider a system with a single nonzero frequency
mode (we will extend our analysis to the multiple-frequency
case later)

and let

where denotes the Kronecker product of the respective ma-
trices/vectors.

Note that in the case considered above, (1) can be rewritten
in an equivalent form as

(2)

For a single-mode system subject to a wide-sense sta-
tionary excitation with known covariance matrix

, the normalized steady state version
of the GANF algorithm presented in [1] can be written down
in the form

1053-587X/$25.00 © 2007 IEEE



126 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 56, NO. 1, JANUARY 2008

(3)

where denotes the identity matrix

and the initial conditions are set to and
.

Tracking properties of this algorithm are determined by
two user-dependent tuning coefficients: the adaptation gain

, which controls the rate of amplitude adaptation,
and another adaptation gain , which decides
upon the rate of frequency adaptation. It is worth noticing that
when the frequency drifts according to the random walk
model—which is one of the testbeds for comparing efficacy
of different solutions—the optimally tuned complex-valued
counterpart of (3) is, under Gaussian assumptions, a statisti-
cally efficient estimation procedure, i.e., it attains the posterior
Cramér-Rao bound which limits performance of any tracking
scheme [6].

In the special case where and , the model (1)
becomes a description of a noisy nonstationary multifrequency
signal. Under such circumstances GANF algorithm turns into
an “ordinary” adaptive notch filter (ANF)—device used to ei-
ther extract or suppress nonstationary sinusoidal signals buried
in noise. Adaptive notch filters are used for a variety of purposes
such as line enhancement [7], mitigation of narrowband interfer-
ences in communication channels [8], active noise and vibration
control [9], [10] and biomedical signal processing [11]–[13],
among many others.

Note that in the single frequency case where

and , the signal-oriented version of (3)
can be written down in the form

(4)

As shown in [1], tuning of the GANF/ANF algorithms (3) and
(4) requires compromising two contradictory requirements. On

one hand, one should maintain satisfactory noise rejection ca-
pability of the filter, which decreases with growing gains and

. On the other hand, one should maximize the filter’s tracking
speed, which increases with growing adaptation gains. From
the statistical viewpoint this is a tradeoff between the variance
and bias components of the mean-squared tracking error. The
variance component is caused by fluctuations of parameter es-
timates around their mean values. The bias component of the
tracking error originates from the fact that mean trajectories of
parameter estimates lag behind the true parameter trajectories
(for this reason bias errors are often called lag errors). In our
current context it means, roughly speaking, that and
can be viewed as the estimates of and , respec-
tively—rather than of and —where and denote
the corresponding estimation delays. We will show that estima-
tion accuracy of GANF/ANF algorithms, as well as their robust-
ness to the choice of design parameters, can be considerably in-
creased by compensating both delays. This can be achieved by
incorporating into the adaptive loop a decision delay of

sampling intervals. Even though impractical in adaptive
prediction/control applications—to predict or control system’s
behavior one needs to know a good model of its current dy-
namics and not of its past dynamics—such delay is acceptable
in many signal processing (e.g., line enhancement) and system
identification (e.g., channel equalization) applications. The esti-
mation delay problem was studied in our earlier paper [14]. The
contribution of the current paper is twofold. First, we extend
results derived in [14] for a complex-valued GANF algorithm,
to its real-valued counterpart. Second, and more importantly,
in addition to the frequency delay compensation suggested ear-
lier, we propose a new amplitude delay compensation mecha-
nism. The resulting three-step algorithm performs better than
the two-step algorithm described in [14].

The paper is organized as follows. The estimation delay ef-
fects occurring in the frequency tracking loop of the real-valued
GANF algorithm are studied in Section II. Based on the an-
alytical results, the two-step generalized notch smoother is
proposed. Section III is devoted to analysis of the amplitude
tracking loop of GANF. After deriving expression for the
amplitude delay, the three-step estimation procedure, which
combines the debiased amplitude and phase (frequency) in-
formation is designed. The multiple-frequency version of the
generalized adaptive notch smoother is presented in Section IV.
Section V shows the results of simulation experiments. Finally,
Section VI concludes.

II. FREQUENCY TRACKING LOOP

A. Analysis

Frequency estimates yielded by the GANF algorithm are
biased. Suppose that , which means that the
changes of can be attributed exclusively to the changes in

. Then, using the approximating linear filter technique and
the deterministic averaging approach, one can show that (see
Appendix)

(5)



NIEDŹWIECKI AND SOBOCIŃSKI: GANFS FOR REAL-VALUED SIGNALS 127

where denotes the backward shift operator

and . The filter is asymptot-
ically stable for all values of .

Denote by the mean path
of frequency estimates. Assuming that is a zero-mean
white noise, independent of and , one obtains

= , which leads to the following
relationship between the mean values of frequency estimates

and true frequency values

(6)

Since the filter is lowpass, for a slowly varying fre-
quency the signal, can be regarded a time-shifted ver-
sion of . A good measure of this shift can be obtained by
evaluating the nominal (low-frequency) phase or group delay
of the filter ( denotes the standard
Fourier-domain frequency variable)

(7)

This means that the (approximately) debiased estimate of the
instantaneous frequency can be obtained from

(8)

where and denotes an integer number that is
closest to .

Remark: The problem of determining the estimation band-
width of generalized adaptive notch filters, i.e., the range in
which frequency changes can be tracked “successfully,” was
considered in [6] and [19] for a system with frequency changes
governed by the random walk model:
where , denotes the white noise
sequence, independent of and . For the com-
plex-valued GANF, operating under Gaussian assumptions,
good tracking is guaranteed when

where SNR denotes the signal-to-noise ratio
(SNR). Even though the analogous results for the real-valued
GANF were not established yet, the above condition is certainly
a good guideline also in the real case.

One should not be surprised by the fact that the right-hand
side of the inequality given above depends on the number of es-
timated coefficients —as argued in [17, Ch. 2], the larger the
number of unknown coefficients, the more difficult the corre-
sponding tracking problem.

B. Two-Step Generalized Adaptive Notch Smoothing (GANS)
Algorithm

The debiased frequency estimates can be used to com-
pute more accurate estimates of systems parameters. A simple
way of doing this, which was suggested in [14] for complex-
valued GANF algorithms, is run—in addition to (3)—the fol-
lowing “frequency-guided” GANF algorithm

(9)

where

and

denotes the debiased phase.
The function can be computed recursively using

Since at each time instant the algorithm (9) incorporates fre-
quency estimates yielded by the “pilot” al-
gorithm (3), which depend on all past data samples and on
“future” data samples, the two-step procedure (3) and (9) is a
fixed-lag smoother. It will be further referred to as a two-step
GANS. As all noncausal filters, GANS must be run on delayed
input/output data sequences. We note that the resulting decision
delay of sampling intervals, which must be incorporated into
the adaptive loop, is acceptable in many signal processing and
system identification applications.

III. AMPLITUDE TRACKING LOOP

A. Analysis

To reveal the delay structure embedded in estimation of
we will assume, for the time being, that the time-varying in-
stantaneous frequencies are known exactly. Even though
obviously violated by the original GANF algorithm (3), this as-
sumption is approximately fulfilled (for small values of and
sufficiently slow frequency variations) by the frequency-guided
filter (9).

Setting in (9), which entails and
, one arrives at

(10)

Denote by the estimation error and
by —the one-step change in .
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Combining (2) with (10) one obtains, after straightforward
calculations

(11)

We have assumed that is a slowly varying quantity. Since,
for small adaptation gains, the estimate also varies slowly
compared to and , we can analyze (11) using the deter-
ministic averaging approach.

Denote by

the local average of , and by

the corresponding limiting value (assuming it exists).
For sufficiently slow frequency variations and

are locally almost periodic functions of time:

, where . As argued in [1], when
and when the process is nondeterministic

second-order stationary and ergodic it holds that

Applying local averaging to (11), and noting that
one arrives at

or equivalently

(12)

where

Denote by the mean path of the
amplitude estimates. After taking expectations of both sides of
(12) one arrives at

Since the nominal delay of the filter
is equal to

(13)

the approximately debiased estimate of can be obtained
from

(14)

where .
Remark: Estimation delays arising in the frequency tracking

loops of the real-valued GANF (3) and its complex-valued coun-

Fig. 1. Block diagram of a three-step GANS.

terpart, described in [14], are identical. In the case of amplitude
tracking, the situation is different. When the amplitude tracking
loop of the complex-valued algorithm is analyzed, one arrives
at , which means that the associated delay is ap-
proximately two times smaller than the one established above.
This shows that the results derived for the complex-valued case
cannot be mechanically extended to the real-valued case, and
vice versa.

B. Three-Step GANS Algorithm

The debiased three-step estimate of can be obtained
by combining the debiased phase and amplitude components,
namely

(15)

The associated decision delay is equal to sampling
intervals. The block diagram of the three-step GANS is shown
in Fig. 1.

Denote by the noiseless system output. The
following symbols will be further used:

to denote the estimates of associated with the GANF esti-
mate , the two-step GANS estimate and the three-step
GANS estimate , respectively.

The idea of “smoothing by means of delayed filtering” is not
new. In the classical papers of Hedelin [15] and Hedelin and
Jönson [16] it was shown that the appropriately delayed state
estimates yielded by the Kalman filter are close, in the mean
square sense, to those provided by the Kalman smoother. Even
though our concept is similar to that described in [15] and [16],
there are some important qualitative differences. In the case of
Kalman filtering/smoothing there seems to be no way to an-
alytically determine the optimal delay; the situation is further
complicated by the fact that, in principle, different lags should
be considered for different components of the state vector. This
means that all one can do in practice is find out the lags exper-
imentally for a given (time-invariant) system at hand. In con-
trast with this, the estimation delays and , which occur
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in the amplitude tracking and frequency tracking loops of the
GANF algorithm, do not depend on parameters of the identi-
fied quasi-periodically varying system; both delays are known
functions of adaptation gains and, as such, they can be easily
precomputed and compensated.

IV. MEAN-SQUARE ERROR ANALYSIS

Denote by and
the frequency and amplitude matching errors,

respectively. The term “matching errors” was introduced in [17]
to characterize performance of adaptive systems which incorpo-
rate a decision delay of sampling intervals. When is equal
to zero, matching errors are identical with tracking errors. Ac-
cording to (5) and (12) it holds that

To gain insight into the parameter matching behavior of GANS
we will assume that the sequences and are
zero-mean wide-sense stationary processes with spectral den-
sity functions and , respectively.

Using standard results from the linear filtering theory [18] one
obtains

(16)

where

and the expectation is taken over different realizations of the
measurement noise and different realizations of frequency tra-
jectory. One can show that [1]
and therefore .

The first term on the right-hand side (RHS) of (16) describes
the variance component of the mean-square frequency matching
error, and the second term constitutes its bias component.

In a similar way one can analyze the mean-square amplitude
matching errors, arriving at

(17)

where

Fig. 2. Frequency bias characteristics B (�; �) for the original GANF algo-
rithm (� = 0) and its bias-compensated version (� = t ) for two different
values of �(
 = � ): � = 0:01 (left figure) and � = 0:1 (right figure). Note
the horizontal scale difference between the left figure and the right figure.

Fig. 3. Amplitude bias characteristics B (�; �) for the original GANF algo-
rithm (� = 0) and its bias-compensated version (� = t ) for two different
values of �(
 = � ): � = 0:01 (left figure) and � = 0:1 (right figure). Note
the horizontal scale difference between the left figure and the right figure.

Note that
and, hence, using the identity

which holds for any square matrices and ,
one obtains .

Since the variance components of the analyzed mean-square
matching errors do not depend on the delay , to examine the
influence of on performance of GANS it is sufficient to focus
on the bias error components.

Fig. 2 shows the plots of the bias characteristics and
for two values of : and . To reduce

the number of design degrees of freedom, the gain was set to
(see comment in Section V). Fig. 3 shows the analogous plots

of and .
Note that compensation of the estimation delays allows one

to considerably widen the stopband regions of both bias charac-
teristics. Therefore, for slow frequency and amplitude variations
(which guarantees that the dominant parts of the spectral den-
sity functions and fall into the stopband regions
of and ), the bias components of the estima-
tion errors will be smaller for GANS than for GANF. Since the
variance components are for both algorithms identical, GANS
should work uniformly better than GANF, i.e., it should yield
better results for all values of adaptation gains and for all values
of the SNR. Experimental results, presented in Section VI, fully
confirm this claim.

Remark: The delay compensation technique is universal, i.e.,
it is not restricted to the algorithms described above. In prin-
ciple, performance of any existing GANF/ANF algorithm can
be improved in this way. Of course, in order to use this approach
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one should be able to either compute or estimate delays arising
in the corrected algorithm, which in many cases may be a non-
trivial task.

V. MULTIPLE FREQUENCIES CASE

Using the technique described in [19, Section III.C], the mul-
tiple-frequency GANS procedure can be obtained by combining

single-frequency algorithms, described above, into a parallel
structure of the following form.

Pilot Filter:

(18)

Frequency-Guided Filter (for ):

(19)

Output Filter (for ):

(20)

The quantities and , which appear in (18)–(20),
denote estimates of coefficients associated with a particular fre-
quency (please note that is not the th component of

—the latter quantity is in this paper denoted by ). The
matrices are defined analogously as .

The distributed estimation scheme described above is a par-
allel structure made up of identical (from the functional view-
point) blocks. Each block tracks a particular frequency com-
ponent of the parameter vector . All
subalgorithms are driven by the same “global” prediction error

. There is an efficient initialization procedure, based on anal-
ysis of the so-called system periodogram—evaluated for a short
startup fragment of the input/output data—which can be used to
identify the number of frequency modes and to determine ini-
tial conditions (both amplitudes and frequencies) needed to start
the algorithm practically without initialization transients [20].
Even though this procedure was originally designed for a com-
plex-valued GANF algorithm, its extension to the real-valued
case is straightforward.

The signal-oriented ANS version of the three-step GANS al-
gorithm can be derived from (18)–(20) in a similar way as the
ANF filter (4) was derived from the GANF algorithm (3).

Finally we note that, as argued in [19], setting may
be a good way of reducing the number of design degrees of
freedom of GANS/ANS algorithms from two to one .

VI. SIMULATION RESULTS

Figs. 4, 5, and 6 summarize results of a first simulation exper-
iment arranged to check properties of the proposed system iden-
tification algorithm. The simulated system, inspired by channel
estimation applications, was governed by

where

i.e., it was a single-tap FIR system with a single mode
of parameter variation . The white pseudorandom bi-
nary sequence (PRBS) was used as the input signal

and the noise was Gaussian with standard devia-
tion (average dB) or (average

dB).
Fig. 4 shows evolution of the instantaneous amplitude

and the instantaneous frequency , along with trajectories of
the corresponding estimates obtained from the GANF algorithm
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Fig. 4. True system amplitude (upper plot) and frequency (lower plot) changes
(smooth lines) and typical trajectories of their estimates (rugged lines) yielded
by the GANF algorithm (� = 0:03; 
 = 0:0009; � = 0:1).

(2) for and . Note a clearly vis-
ible delay between the true trajectories and the estimated trajec-
tories. Fig. 5 shows how the average accumulated amplitude and
frequency matching errors

and
depend on the choice of the delay . All ensemble av-

erages correspond to 100 different realizations of measurement
noise. For the adopted values of and the nominal delay times
are equal to and sam-
pling intervals. Note that, in agreement with theory, the nom-
inal time delays are pretty good estimates of the optimal delays
(equal to 64 and 37 sampling intervals, respectively)—the corre-
sponding values of and only slightly differ
(by 1% and 3%, respectively) from their minimal values.

Fig. 6 presents comparison of the estimation performance
of the GANF algorithm and of its two modified versions:
the two-step and three-step GANS algorithms. Estimation
accuracy of the compared algorithms was measured in
terms of the average accumulated output matching errors

and , after the filters have reached
their steady state behavior. The plots show how the ensemble
averages (100 realizations) of the error statistics depend on the
choice of ( was set to ). As expected, delay compensation
led to improved tracking results, both in terms of the minimum
achievable errors and, more importantly, in terms of the algo-
rithm’s robustness to the choice of .

The aim of the second simulation experiment was to check
estimation properties of the adaptive notch smoother (ANS)- the
signal-oriented version of the proposed GANS algorithm. The

Fig. 5. Dependence of the averaged sums of the squared amplitude matching
errors � (upper plot) and frequency matching errors � (lower plot) on the
delay �t; the nominal delays are marked with vertical lines.

analyzed signal was a mixture of two nonstationary sinusoids
embedded in white Gaussian noise

The amplitudes and the instantaneous frequencies
were governed by random walk models, driven by

mutually independent white noise sequences with standard de-
viations and ,
respectively.

Fig. 7 shows dependence of the average accumulated signal
matching errors and (defined analogously as in the
system case) on the adaptation gain for two values of the
average SNR (0 and 12 dB), corresponding to and

, respectively. The second adaptation gain was set to
. It is worth noticing that when, instead of ANF, the classical

linear prediction adaptive filters (exponentially weighted least
squares or least mean squares) are used to enahance quasi-pe-
riodically varying signals buried in noise, the corresponding
signal matching errors increase at least several times; therefore,
from the practical viewpoint, the advantage of using adaptive
notch filtering is obvious. Finally, Fig. 8 shows dependence of
the signal matching errors on SNR for a fixed value of
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Fig. 6. Dependence of the averaged sums of the squared output matching errors
�̂ ; ~� and �� on the adaptation gain � for two average SNR rates: SNR =
0:5 dB (upper figure) and SNR = 17 dB (lower figure). Comparison involves
the estimates yielded by the original GANF algorithm (�), the two-step GANS
algorithm (�) and a three-step GANS algorithm (�). All plots were evaluated
on a grid of 100 equidistant values of �.

. Similarly as in the system case, the advantages of using
the proposed three-step smoothing procedure are evident.

VII. CONCLUSION

GANFs are devices used to estimate coefficients of quasi-pe-
riodically varying systems. It was shown that compensation
of estimation delays, arising in the amplitude tracking and
frequency tracking loops of GANF algorithms, can be regarded
a computationally efficient form of smoothing. The proposed
solution is a cascade of three filters. The “pilot” filter pro-
vides preliminary (biased) amplitude and frequency estimates.
The debiased (delayed) frequency estimates yielded by the
pilot algorithm are fed into the second algorithm—the “fre-
quency-guided” generalized adaptive notch filter. Finally, the
third, “output” filter, is used to combine the debiased (delayed)
amplitude estimates, provided by the frequency-guided algo-
rithm, with the debiased frequency estimates obtained earlier.
The three-step GANS provides better results, both in terms of
estimation accuracy and in terms of robustness to the choice of
design parameters, than the original GANF algorithm and the
recently proposed two-step GANS procedure.

APPENDIX

Tracking properties of the unnormalized GANF algorithm
were studied in [1]. The only difference between the unnormal-

Fig. 7. Dependence of the averaged sums of the squared signal reconstruction
errors �̂ ; ~� and �� on the adaptation gain � for two average SNR rates:
SNR = 0 dB (upper figure) and SNR = 12 dB (lower figure). Comparison
involves the estimates yielded by the original GANF algorithm (�), the two-step
GANS algorithm (�), and a three-step GANS algorithm (�). All plots were
evaluated on a grid of 100 equidistant values of �.

Fig. 8. Dependence of the averaged sums of the squared signal reconstruction
errors �̂ ; ~� and �� on the average SNR rate for a fixed value of �(� = 0:05).
Comparison involves the estimates yielded by the original GANF algorithm (�),
the two-step GANS algorithm (�), and a three-step GANS algorithm (�). All
plots were evaluated on a grid of 10 equidistant values of SNR.

ized algorithm and the normalized one lies in some details of
the frequency tracking loop, which in the first case has the form

For the unnormalized algorithm one obtains (see (12) in [1])

(21)
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where

and

Note that (21) can be rewritten in the form

(22)

When scaling is introduced, i.e.,

the relationship (21) does not change except that should be
replaced with , leading to . One can easily
check that in this case (22) is identical with (5).
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