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Abstract

In certain applications of nonstationary system identification the model-based decisions can be postponed, i.e. executed with a delay. This
allows one to incorporate into the identification process not only the currently available information, but also a number of “future” data points. The
resulting estimation schemes, which involve smoothing, are not causal. Despite the possible performance improvements, the existing smoothing
algorithms are seldom used in practice, mainly because of their high computational requirements. We show that the computationally attractive
smoothing procedures can be obtained by means of compensating estimation delays that arise in the standard exponentially weighted least squares,

least mean squares and Kalman filter-based parameter trackers.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

Consider the problem of tracking of a nonstationary discrete-
time stochastic system governed by

y(t) = 0T (1)0(t) + v(1), (1)

where t = ..., —1,0, 1, ... denotes normalized time, y(¢) is
the system output, @ (t) = [¢1(), ..., ¢n (H)]7 is the regression
vector (e.g. made up of the past input measurements), (t) =
[01(), ..., 0,(®)]T is the vector of unknown and time-varying
system coefficients, and v(¢) denotes measurement noise.

The problem of estimation of the parameter vector
0(t), based on the available data, can be solved in many
different ways. When all that is known about system
parameters is that they vary slowly with time, the most
frequently used identification algorithms are those based on
the exponentially weighted least squares (EWLS) approach, the
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least mean squares (LMS) approach and the Kalman filter (KF)
approach—see e.g. Haykin (1996) and Niedzwiecki (2000),
among many others.

Denote by 6(¢) the estimate of () and by &(f)—the one-
step-ahead prediction error evaluated at instant ¢

() = y(1) — 9" (81 — 1). 2)
The EWLS parameter update can be summarized as follows:
01 =00 —1D+R ' De0e),

R() =Rt = 1) + o) (1), 3)

where R(¢) denotes the exponentially weighted regression
matrix and n, 0 < n < 1, is the so-called forgetting constant,
which decides upon the estimation memory of the EWLS
algorithm. Using the well-known matrix inversion lemma it
is possible to derive recursive formula for direct updating of
R~!(r), which allows one to avoid inverting the regression
matrix at each step of the EWLS algorithm (NiedZzwiecki,
2000).
The LMS algorithm

(1) =01 — 1) + pe)e(t) (4)
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can be thought of as a simplified EWLS algorithm, obtained

by replacing the time-varying and data-dependent weighting

matrix R™!(¢) with a constant, scalar stepsize parameter ;& > 0.
Finally, justification of the KF algorithm

0(1) =0(t — 1) +SOp(1)e(),

B P(r—1)
S0=17 PT(OP(t — Do(1)’
P(t) = (I, — S 1) ()Pt — 1) + k1, (5)

where I,, denotes the n x n identity matrix, comes from the area
of statistical filtering theory. When

(i) the (white) measurement noise v(¢) is Gaussian: v(z) ~
N0, 02);

(ii) the sequence of one-step parameter changes w(r) =
0() — 6(tr — 1), independent of {v(z)}, is made up of
uncorrelated random variables with Gaussian distribution:
w(t) ~ A0, 03}1,1) (random walk model);

(iii) k%2 = 02 /o}?

the KF algorithm is an optimal estimation procedure in the

sense that it provides the estimates of 6(z) with the smallest

possible mean-square errors (MSEs) (Lewis, 1986). One should
be careful, though, not to overemphasize this feature of the

KF approach. When conditions listed above (rather naive, from

the practical viewpoint) are not met, the KF algorithm can

no longer be claimed optimal. It provides yet another way
for recursive estimation of time-varying system coefficients,
neither more nor less appropriate than the two approaches
mentioned earlier. In typical applications the scalar coefficient

k is treated instrumentally, as a user-dependent tuning “knob”,

deciding upon the estimation memory of the KF algorithm,

i.e. it plays a similar role as 1 and p in the EWLS and LMS

algorithms, respectively—see next section for more details.

All three estimation schemes presented above are causal, i.e.
at each time instant ¢ they provide parameter estimates that are
functions of the current and past measurements: y(s), @(s), s <
t. While in the adaptive prediction and adaptive control
applications causality is an obvious requirement, there are some
other practical problems, such as adaptive noise canceling or
adaptive channel equalization, where the causality constraint
can be relaxed by means of incorporating into the estimation
process a certain number of “future” measurements. Such
noncausal estimation schemes are feasible whenever the model-
based decisions can be postponed, i.e. executed with a delay.
For example, when a decision delay of t sampling intervals is
tolerable, the data set Z(z) = {y(1), ¢(1), ..., y(t), @(t)} can
be used to estimate @ (¢ — ), rather than to estimate 6(¢). When
appropriately designed, such estimator of 6(+ — ), based on
all past measurements and t “future” measurements, will yield
better results than its causal counterpart.

The design platform which in a straightforward way leads to
such solutions is Kalman smoothing (KS)—an extension of the
Kalman filtering approach. Despite the potential performance
improvements, the KS algorithms are seldom used in practice,
mainly because of their high computational complexity. We
will show that computationally attractive parameter smoothing

procedures can be obtained by means of compensating
estimation delays which arise in the standard EWLS, LMS and
KF algorithms.

The paper is organized as follows. Section 2 presents
analysis of the estimation delay effects occurring in the classical
EWLS/LMS/KF tracking algorithms. The “cheap smoothing”
algorithms are described in Section 3 and their estimation
properties are studied in Section 4. The simplified smoothing
rules, yielding further computational savings, are described in
Section 5. Section 6 shows the results of simulation experiments
and Section 7 presents some practical recommendations.
Finally, Section 8 concludes.

2. Estimation delay effects in parameter tracking algo-
rithms

Suppose that

(A1) The measurement noise sequence {v(¢)} is zero-mean
and white with variance o2,

(A2) The sequence of regression vectors sequence {¢(z)}
is zero-mean, wide-sense stationary and ergodic with the
covariance matrix E[(p(t)(pT(t)] = > 0.

Then, when the forgetting constant 7 in the EWLS
algorithm is sufficiently close to one, the following steady-
state approximation can be used (Ljung & Gunnarsson, 1990;

Niedzwiecki, 2000)
ROz -ne .

Similarly, when the coefficient « in the KF algorithm is
sufficiently close to zero, one gets (Ljung & Gunnarsson, 1990;
Niedzwiecki, 2000)

NOETT B

where ®1/2 = (®!/2)~1 and ®!/? > 0 denotes the (unique)
square root of the covariance matrix ®: ®'/2®'/> = &. Using
these approximations the three estimation algorithms described
above can be written down in the following ‘“‘standardized”
form:

0(t) =0(t — 1) + yAp()e(0), (6)

where the small adaptation gain y and the constant matrix A
are given by

EWLS:y =1—75 A=0"!
LMS:y =u, A=1I1,,
KF:y =k, A=®"12

Even though derivation of the “standardized” algorithm is based
on heuristic arguments, the results of a more rigorous statistical
analysis of tracking performance of the EWLS, LMS and KF
schemes, presented in Guo and Ljung (1995), are consistent
with the analogous results based on (6) (Ljung & Gunnarsson,
1990; NiedZwiecki, 2000). For this reason we will adopt (6)
as the starting point for our study of the estimation delay
effects that occur in parameter tracking algorithms. Later on, in
Section 6, we will show that experimental results fully confirm
conclusions drawn from such approximate analysis.
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Combining (6) with (1) and (2) one obtains
0(1) = (I, — yA@()@ ()8t — 1) + yAe()e ()8(1)
+ yAp(()v (). )

For sufficiently small values of the adaptation gain y and for
sufficiently slow changes in 6(¢) (compared to the changes in
@(1)), the analysis of (7) can be carried using the averaging
technique (Bai, Fu, & Sastry, 1988), leading to the following
approximation:

0t) = (I, — yA®)O(t — 1) + yA®O(t) + yAp(H)v(t). (8)

Denote by é(t) = E[@\(t)IB(s),s < t] the mean path of
parameter estimates. Using (7) one arrives at

0(t) = (I, — yA®)O(t — 1) + yADO(1)
=yl — (I — yA®)g 1T ARO(), ©)
where ¢! denotes the backward shift operator.

2.1. EWLS algorithm

Since in the EWLS case it holds that A® =
relationship (9) can be rewritten in the form

I,, the

0(t) = Fewis(g Ho(), (10)

where

Fewis(q™) = diag(F(g ™). ... F(g™")
and

-7
1—ng="
According to (10) the mean path of the EWLS estimates {é(t)}
can be regarded as a result of passing {#(¢)} through a linear
lowpass filter F(g~!). This means that for slow parameter
changes the main contribution to the bias error 6(¢) — 0(z) is
due to the lag distortions—the mean trajectory {#(¢)} can be
approximately viewed as a delayed version of the true trajectory
{6(t)}. The dominant time delay tp introduced by the filter
F (g~ ")—called the estimation delay in Niedzwiecki (2000)—
can be defined in different ways.

One possibility, based on the frequency-domain concepts, is
to set

Figh=

N

10 =int[ty], fo=——, (11)
l1—n
where int[x] denotes the integer number that is closest to x and
. ¢r(w) . dor(w)
tp = — lim ——— = — lim ————
w0 w w0 dw

is the nominal (low-frequency) delay of the filter F R
Ap(w)e?r@); o e (—m, 7] denotes the normalized angular
frequency.

Another solution is based on the time domain arguments.
One can define 7y as the average delay of #(r) with respect to
0(t) for a given class of parameter variations

7 = arg infE[0(r) — 0(r — 1,

where averaging is carried over different realizations of {6(¢)}.
As shown in Niedzwiecki (2000), when system parameters
evolve according to the random walk model, the average delay
can be obtained by means of solving the following equation:

T0—1 00
Y ro=>"fw. (12)
=0

=19

where f(1) = 7' [F(z~")] = (1 — n)n’ denotes the impulse
response of the filter (¢~ '). Slightly abusing the term, which
was coined in statistics to characterize distributions of random
variables (note that f(z) > 0,V > 0 and Z?io f@® =1,
i.e. f(t) can be regarded a discrete probability function of a
fictitious random variable), 7y can be called the “median” of
the impulse response f (¢).

Observe that (1 — n) th(’:?)l " = 1—7n% and (1 —
n) Z;’im n' = n®. Therefore (12) is equivalent to %™ = 0.5
or, after transformation, to tgIlnn = In0.5 = —0.7. Since for
the values of 7 close to one it holds that In n = n— 1, one finally
arrives at

0.7

0 = (13)

79 = int[fp],
Using the approximation F(g~!) = ¢~ %, i.e.
Fewis(¢ ™) = Gewis(@™ ) = ¢ ™I,

one can rewrite (10) in the following form:

0(t) = Gewis(g )0(1) = 0(t — 10) (14)

which will be a convenient starting point for our further
considerations. The “pure delay” approximation of F(g~') is
of course very crude, but it will lead us to computationally
attractive solutions.

2.2. LMS and KF algorithms

Let Q be a unitary matrix, made up of the eigenvectors of ®,
converting ® into a diagonal form

Q'Q=0QQ"=1,, QTeQ=A,

where A is a diagonal matrix made up of the eigenvalues of

®: A = diag{)ry, ..., A,}. Note that (9) can be rewritten in the
form
6(1) = QF(¢~HQ"o (). (15)

Depending on the algorithm used, F(g~') is equal to
Frvs(g™") = diag{Fi(¢™"), ..., Fa(g™")} where
HA
1— (1 —purig="
or to Fxp(g™!) = diag{F(g™"), ..., F}(¢™")} where
KA
1= (1 —x/2)g="

Similarly as in the EWLS case, one can use the approximations
Fi(g7") = q7", FX(g™) = ¢ %, where v = int[],

Fi(g™hH = =1,....n

Frq™h = i=1,....n.
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7/ = int[¢]] and

1 — ui; « 1= KA/ 0.7 " 0.7
t = , tf=———x— or ti=— tf=—+=
A K/Ai HA; K/Ai
leading to
6(1) = QG HQ'0(). (16)
where G(¢ ") is equal to GLvs (¢ ) = diag{g™™, ..., ¢~ ™},

or to Ggr(g™") = diag{g~™,..., ¢ ™).
Note that, unlike the EWLS case, different components of
the vector Q0(r) are delayed by different amounts of time.
The corresponding time constants, 71, ..., T, and rf‘, e T
respectively, depend both on the adaptation gains w, k and—
via the eigenvalues A, ..., A,—on the covariance structure
of the excitation. In the special case where ® = U(gl,,, all
eigenvalues of ® (and hence also all time delays) are identical,
leading to é(t) =00 —19),where g =11 = -+ = T,
orp = 1y = --- = 7, are the common delays. From the
qualitative viewpoint the latter result is identical with (14).

Remark. Denote by Amax and Apin the maximum and
minimum eigenvalues of ®, respectively. Similarly, denote by
tmaxs tnax @Nd fmin, 2 the corresponding maximum/minimum
delays. For small adaptation gains it holds that

k
Imax )Lmax t max ~ )\max

3

12

Imin Amin t:;lin Amin .
This means that the estimation delay spread will be always

larger for the LMS estimator than for the KF estimator.
3. “Cheap smoothing”
3.1. Algorithms

Based on (14), the approximately debiased estimate of 0 (f)
can be obtained from

0(1) = GewLs (q)0(t) = 0(¢ + 70) (17)

which means that the smoothing effect is achieved simply by
delaying the estimates provided by the EWLS tracker by 7o
sampling intervals. According to (17), (¢) should be regarded
as an estimate of (¢t — 1), rather than as an estimate of 0 (z).
To use such a fixed-lag smoother one should incorporate into
the adaptive loop a decision delay equal to 7; = 79 sampling
intervals.

In the similar way one can obtain smoothing rules for the
LMS and KF estimators. Let B(t) = Q'0(t) and B(t) =
QTO\(t). Consider the LMS algorithm first. According to (15),
for slow parameter changes it holds that

B(1) = E[B(1)10(s). s < 1] = Frms(g—HQ o)
= Frms(g~HB(1) = Grms(gHB(®)

which suggests the following three-step procedure for
computing “debiased” LMS estimates:

B =Q (),

Table 1
Computational complexity and smoothing overheads of the three parameter
estimation algorithms analyzed in the paper

Algorithm Computational complexity Smoothing overhead
EWLS 2n% + 5n +0

LMS 2n+1 +2n2

KF 1.5n% +5.5n +2n?

B(t) = GLms(@B@) = [Bit +11), ..., Bu(t + )],
0(t) = QB(1). (18)

The decision delay associated with (18) is equal to 7; =
max{ty, ..., T,} sampling intervals.
Similarly, for the KF estimator one obtains

Bn=Q"6m. ~
B(t) = Gkr(q)B() = [Bi(t + 1)), ..., Bt +THIT,
0(t) = QB(1) (19)

and 7y = max{z/, ..., 7;}.
When the admissible delay t is smaller than t;, one can use
the following modified versions of (17)—(19):

EWLS: 6()=0( — 1),

LMS: (1) = QGpys(q. Q).

KF: (1) = QGxr(q. )Q"0(). 20)
where

Grms (g, 7) = diag{g™neml | gmintnaly

Gkr(q, 7) = diag{g™™o ) . gmin(mwly,

Remark. The idea of reducing estimation bias by means of
incorporating in the processing loop an appropriately chosen
decision delay can be traced back to Hedelin (Hedelin, 1977).
Hedelin demonstrated that delaying state estimates provided
by KF can be regarded an efficient form of smoothing.
However, Hedelin did not show how the optimal delay(s) can be
determined. The results presented above seem to be interesting
from at least two reasons. First, we have revealed the hidden
‘delay structure’ (depending on the eigendecomposition of ®)
of the LMS and KF estimators. Second, we have shown how
the corresponding delays can be computed and compensated.

3.2. Computational complexity

Table 1 shows comparison of the computational complexity
of the basic algorithms (the number of multiply/add operations
needed to complete one cycle of computations) and the
corresponding smoothing overheads (the number of additional
operations required to perform smoothing). The count was
made for the computationally efficient mechanizations of the
EWLS/KF algorithms (which differ from (3) and (5)) and
takes into consideration symmetry of the matrices R(¢) and
P(z). The cost of performing eigendecomposition of & was not
included since, assuming that the process {¢(#)} is stationary,
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such operation is performed only once. Note that there is no
smoothing overhead in the case of the EWLS estimator, and
that for the LMS/KF estimators the overhead does not depend
on the decision delay ;.

This should be confronted with complexity of the fixed-lag
KS algorithm designed for system (1)—see NiedZwiecki (2000,
Chapter 7)—which is equal to (0.572 + 21 4 1.5)n> 4+ (2.57 +
5.5)n multiply/add operations per time update. Note that in this
case the smoothing overhead, i.e. the difference between the
computational complexity of the KS algorithm and complexity
of the KF algorithm (i.e. the zero-lag smoother) is equal to

0.5t% + 21)n% +2.5tn

and rapidly grows with the smoothing lag 7.
4. MSE analysis

Observe that GEwrs(q) = QGgwLs (q)QT and hence the
relationships (17)—(19) can be written down in the following
unified form:

0(1) = QG(9)Q 8 (1), Q1)

where, depending on the algorithm used, G(g) is equal to
GewLs(9). GLms () or Gkr(q).

To compare estimation accuracy of the EWLS/LMS/KF
estimators /0\(t) and their modified versions 5@), we will assume
that

(A3) {0(¢)} is a zero-mean wide-sense stationary process
with a spectral density (matrix) function Sg ().

The mean-square parameter estimation error yielded by the
basic algorithm can be expressed in the form

ELI6(t) — 0()|1] = ELI8(1)11*] + Elln ()11, (22)

where §(t) = a(t) —0(r), n(t) = 0(t) — 0(r) and averaging
is carried over different realizations of {v(¢)} and {6(z)}.
The first term on the right-hand side of (22) constitutes the
variance component of MSE, whereas the second term can be
recognized as its bias component. The analogous expression for
the modified algorithm reads

ELI0(1) — 6(1)1%] = Elllo ()11*] + ELI§®)|1%], (23)

where o (1) = 0t) —0'(t), E4t) = 0'(t) — 0(t) and 0/ (1) =
E[0()|0(s), s <1+ 14].

4.1. Variance

We will prove that the variance components of the compared
MSE:s are approximately the same:

Theorem. Under (A1)—(A3) it holds that
Elllo ()11 = ELISO)11°]. (24)
Proof. First, after combining (8) and (9) one arrives at

8(1t) = (I, — yA®)S( — 1) + yAe(t)v(r)

which shows that, under the small adaptation gain conditions,
the sequence {§(¢)} can be regarded as asymptotically zero-

mean and asymptotically wide-sense stationary. Denote by
Ss (w) the spectral density function of §(¢)

Ss(w) = 2621, — (I, — yA®)e 1*)~!
APAT(T, — (I, — y @A) ™!
and let A = E[8(1)8T(r)]. Observe that

T

1
B3] = t(A) = 5 / tr(S5(@)}do. 25)

Since o (t) = QG(q)QTS(t) one obtains
So (@) = QG(E*)Q"S5()QG (e )Q".

Note that
2 1 g
Ellle® 7] =u{X} = 2—/ tr{Ss (w)}dow, (26)
T Jx
where ¥ = E[o(t)a (¢)]. The relationship (24) follows

directly from (25)—(26) and from the identity

(S, (@)} = tr{S5(0)QG (e 7*)QTQG (¢)Q™}
= tr{Ss(w)I;} = tr{Ss(w)}. O

4.2. Bias

In order to compare the bias terms in (14) and (15) note that

() = Q[F(¢g™") —L,1Q 0 (1),

Sy (®) = Q[F(e™*) — I,1Q"Sp (w)QI[F () — I,1Q",

where, depending on the algorithm used, F(¢~!) is equal to
Fewis(¢ ™), FLms(g™") or Fxp(g™"). This leads to

e

1
Ellln()|I*] = 5 | ulSi@)de
= e B@QTSs@)Q)do,
2 J o

where Bpwis(w) = diag{B(w),..., B(w)}, Bms(w) =
diag{B1 (), ..., By(w)}, Bkp(w) = diag{ B} (®), ..., B, (w)}
and
B(w) = |1 — Fe )%,
Bi(w) =1 —Fi )P, i=1,.,n,
Bf(w)=|1—FfEe )2, i=1,...,n

For the modified EWLS/LMS/KF estimators the analogous

expression is

V4

1
E[IE(1)°] = >

-~ / " t(B@QTSs (@) Q)do,
T J-x

tr{S¢ (w) }dw

where BewLs () = digg{E (@), ..., B (0)}, Brums () =
diag{B|(w), ..., By(w)}, Bxr(w) = diag{BT(a)), e, Bj[(a))}
and

B(w) = |1 — /0 F(e79)]?,
Bi(®) = |1 — &7 F;(e719) 2,
B (@) = |1 =7 Fr e /)P,

i=1,...,n,

i=1,...,n.
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Fig. 1. Bias characteristics B(w) (broken line) and B (w) (solid line) for two different values of 1. Note the horizontal scale difference between the left figure and

the right figure.

_ Fig. 1 shows the plots of the bias characteristics B(w) and
B(w) for two values of  (0.993 and 0.93). Note that application
of the delay compensation technique allows one to widen
the stopband area of the bias characteristic B(w) compared
to B(w). The same remark applies to bias characteristics
associated with the LMS and KF algorithms, irrespective of the
values of w, k and Aq, ..., A,. Therefore for slow parameter
changes the bias component of the mean-square estimation
error will be always smaller for the modified EWLS/LMS/KF
algorithms than for the original algorithms

ELIE®)I] < Ellln(@)|1].

It should be stressed that, unlike causal estimation schemes,
bias reduction is not achieved at the cost of increasing the
variance component of MSE, which is approximately the same
for the compared algorithms.

27)

4.3. Mean-square error
Combining (22) and (23) with (24) and (27) one arrives at

E[16(t) — 0(t)|1*] < E[[0(:) — 0(1)]*] (28)

which means that the modified EWLS/LMS/KF algorithms will
be always more accurate than the original ones. It should be
stressed that improvement can be expected for all values of
the adaptation gain y (although for “large” gains, which entail
small delays, it may be marginal).

5. Simplified smoothing rules

In order to use (18) or (19), one should either know or
perform eigendecomposition of the covariance matrix ®. We
will derive simplified smoothing rules which allow one to avoid
this step—at the cost of decreasing estimation accuracy of the
corresponding algorithms.

5.1. KF algorithm

When the eigenvalues Ay, ..., A, are not identical, one may
attempt to replace different delays in (19) with the same average

delay 7, = int[t}, ] where

e il

. =
av n

After replacing ‘L'l* s ..., Ty with t}, in (19), one arrives at the
following simplified smoothing formula:

O () =00 + 1) (29)

which resembles (17). It turns out that for small adaptation
gains the average delay can be evaluated without performing
eigendecomposition of @®. Actually, observe that for small
values of « it holds that £ = 1/(k+/A;) or £ = 0.7/(k/2;).
Since Y7, (1/4/A;) = tr{®~/2} and S(¢) = « ®~!/2, the local
estimate of the average delay can be obtained from

tr{S(1)} 0.7tr{S(1)}
ni? ni?

* o
av —

~

*
av
Since the matrix S(¢), needed to evaluate £, is recursively
updated by the KF algorithm, the corresponding smoothing
overlay, equal to 1 multiplication and n additions, is negligible.

5.2. LMS algorithm

To preserve low complexity of the LMS algorithm a simpler
estimation scheme is needed than the one described above. To
fulfill this requirement one can define the average delay 7,y in
terms of the average eigenvalue of ®, namely

. Y 0.7
P = —— or P = ,
o MAay o MAay
where

n

A
Aav — Zl—l L )

n

Since Aoy = p/n where p = Y1 A = t{®) = E[[lo()|],
the local estimate of A,y can be computed as p(¢)/n, where
p(t) denotes the local, exponentially weighted estimate of
Elllo®)1%]

p(6) =npt — 1) + (1 —me" (). (30)
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Similarly as before n, 0 < n < 1, denotes the forgetting
constant.

After replacing in (18) 1, ..
obtains

Ouy (1) = 0(1 + Twy). 31)

., T, With 7,y = int[t,] one

When the average delay is computed in the way described
above the smoothing overhead is equal to n 45 operations only.
Hence, the total cost of realizing the simplified LMS-based
smoother is equal to 3n + 6 operations per time update.

6. Computer simulations

Three simulation experiments were arranged to check
properties of the analyzed algorithms.

6.1. Example I

The simulated two-tap finite impulse response (FIR) system
was governed by

Y(0) = 01 (u(t) + 62 (D — 1)+ v(1),  v(t) ~ N0, 0)),

u() =au(t —1)+e(t), e()~ N(O, 03), la] <1,

where {e(?)} denotes an i.i.d. sequence, independent of {v(z)}.
System parameters were generated using the random walk
model

0@t) =60 —1)+w(@),

Note that in the case considered 0(¢) = [0; (7), 62()]T, Q) =
[u(®), u(t — 1)]T and (in steady state)

1 a 1 1 1

— 52 -
e=cile 1] o=l ]

2 1—a 0
A=oy |: 0 1+ a] ’
where 0> = 02 /(1 — a?).

The advantage of this example is that it is fully analytical
and hence it allows one to check how well experimental results
fit theoretical evaluations. R

For any causal estimator @(¢), designed for the system

described above, it holds that (Ravikanth & Meyn, 1999)

w(t) ~ N(0, o2Ly).

E[16(1) — 0(1)|%] > crrp = oyoytr{® /2,

where cr g denotes the lower tracking bound—a variant of the
so-called posterior (or Bayesian) Cramér—Rao bound (PCRB),
applicable to systems with random coefficients.

Similarly, for any noncausal estimator € (¢) one arrives at the
following fundamental limitation (NiedZwiecki, 2007):

~ 1
E[I0(t) — 0(1)|1] > cLsp = SCLTB,

where crsp is the lower smoothing bound. The difference
cetB — cLsB = 0.5cprB specifies the possible margin of
improvement achievable by means of smoothing.

Based on the approximation (6), one can derive the
following unified expression for the mean-square parameter

tracking error

2 2
v

Y% (A} + T8 {(A®)~) (32)
2y

2
which holds for all three estimation algorithms, provided that
system parameters obey the random walk model—see Guo and
Ljung (1995), and NiedZwiecki (2000). According to (32), the
optimally tuned KF algorithm (yopt = kopt = 0w /0y) should
yield

E[I0(1) — 0P lemkon = Tuwoutr{® 2} = cr78.

ELI6(t) — 0(1)|%] =

This is an expected result since, in the case considered, the KF
algorithm is the optimal estimation procedure—see comment in
Section 1.

The analogous expression for the EWLS and LMS
algorithms (17opt = 0.97, popt = 0.0825) is

E[I0(1) — 0012 Tymnep. = ELIO@) — 0D ]mpion

= Oyoyy/ N tr{®~1}

and gives the values larger than ¢y unless all eigenvalues of
@ are identical. The following values were adopted: avz =1,
02 = 0.0001, 02 = 1 and a = 0.8, resulting in 07 = 2.78,
)\1 = 056, )»2 = 50, CLTB = 0.18 and CLSB =0.09.

Fig. 2 shows comparison of the results yielded by different
families of algorithms discussed in the paper: EWLS, LMS and
KF. Performance of all estimators was quantified in terms of the
associated MSEs. The MSE of an estimator 6 (¢) was evaluated
by means of combined time and ensemble averaging. First,
for each realization of {6(¢)}, {u(¢)} and {v(¢)}, the following
steady-state performance index was computed

4000

> 1@ 8>

I = ——
2000 t=2001

The obtained results were next averaged over 200 realizations
of {0 (¢)} and 200 realizations of {u(¢), v(t)} (i.e. over 200 x 200
realizations altogether). The same set of realizations was used
for different algorithms and different values of y.

Fig. 2 shows the MSEs yielded by the original (causal)
estimators @\(t), the modified estimators 6(¢) and (where
applicable) the simplified versions of the modified estimators

Bay (#), for 20 equidistant values of the adaptation gain y (i.e.
1 — n, u or k) picked from the interval [0.00125, 0.025].
Additionally, it depicts theoretical dependence of MSE on
y, and the lower estimation bounds for tracking (LTB) and
smoothing (LSB). To optimize performance of the modified
algorithms, estimation delays were computed using the median-
like measure, which is known to be the best choice for random
walk parameter variations (when the nominal delays were used
instead, the performance was only slightly worse).
The obtained results pretty well illustrate our main points:

e Despite the obvious differences in design principles the
EWLS, LMS and KF algorithms perform comparably.

e There is good agreement between the theoretical MSE
curves and the results of computer simulations. For the
EWLS and KF estimators the fit is satisfactory in the
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Fig. 2. Dependence of the mean-square parameter estimation errors on the adaptation gains 1 — 1, 1 and « for the original EWLS, LMS and KF algorithms (%), for
the modified algorithms (4-), and (in the latter two cases) for the simplified versions of the modified algorithms (x). The lower tracking bound (LTB) and the lower
smoothing bound (LSB) are indicated by horizontal lines. Solid lines show theoretical dependence of MSE on adaptation gains for the original algorithms.
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Fig. 3. Dependence of the mean-square parameter matching errors, yielded by the EWLS, LMS and KF algorithms, on the delay t for = 0.98, © = 0.02 and
k = 0.02, respectively; the nominal delays tq, 71, 7o and tl*, r; are marked with vertical lines.

entire range of adaptation gains. For the LMS estimator,
discrepancies between theory and experiment occur for
“large” values of u (which is understandable, as all
theoretical results were obtained under the small gain
hypothesis).

e All smoothing algorithms perform uniformly better than
their filtering counterparts, and all offer performance that
exceeds the lower tracking bound for a certain range of
adaptation gains. The simplified LMS and KF smoothers are
less efficient than their “exact” versions.

e The optimally tuned “cheap smoothers” yield MSEs that
are pretty close (regarding simplicity of the solution) to the
lower smoothing bound, achievable by means of using the
infinite-lag, genuine Kalman smoother.

6.2. Example 2

In our second simulation experiment sinusoidal parameter

changes were enforced
01(t) = 1.5 4+ sin(27t/3000), 62(¢) = 0.5 4 sin(2w¢/1500)

while the remaining simulation details (input, noise) were kept
unchanged. This experiment was certainly less biased as none

of the estimation approaches was “handicapped” (for random
walk parameter variation the KF algorithms are known to yield
the best results). MSEs were computed in the same way as
before (200 different realizations of {u(z), v(¢)} were used to
compute ensemble averages).

Fig. 3 illustrates the estimation delay structure of the EWLS,
LMS and KF estimators. The plots show how the ensemble
averages of the parameter matching errors

4000 N
dYoGin-tie+1)’  i=12
t=2001

4000 R

D (Bi6) = Bilt + )%,

t=2001

I -
i@ = 2000

Ji(r) = i=1,2

2000

depend on the delay t for a fixed value of y (y = 0.02).
In agreement with theory, the smallest matching errors are
obtained when the corresponding values of t are close to
the nominal delays. Note that, exactly as predicted, the two
estimation delays are identical for the EWLS estimator and that
they differ from each other for the LMS and KF estimators.
Fig. 4 shows the plots of the mean-square estimation errors
obtained for different estimation algorithms (no theoretical
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Fig. 4. Dependence of the mean-square parameter estimation errors on the adaptation gains 1 — n, p and « for the original EWLS, LMS and KF algorithms (x),
for the modified algorithms (+) and (in the latter two cases) for the simplified versions of the modified algorithms ().

curves are shown as in this case they are not available). Nominal
delays were used for the purpose of smoothing; when the
median-like delays were used instead, the performance was
only slightly worse. From the qualitative viewpoint the obtained
results are similar to those presented earlier. Note that the
potential rates of the MSE reduction, achievable by means of
smoothing, are higher for the deterministically (slowly) time-
varying system than for the system with randomly drifting
coefficients.

6.3. Example 3

Assumption (A2) restricts analysis carried out in Sections 3—
5 to dynamic models with a FIR structure, where the regression
vector has the form ¢(7) [u@c — D,...,ut — n]%.
When the class of considered parametrizations is extended
to nonstationary ARX (autoregressive with exogenous input)
models, where ¢(¢) [y — D,...,y@t — r),ul —
D,...,u(t— p)]T, r + p = n, the covariance matrix of ¢(t)
is not time-invariant any more (unless all autoregressive (AR)
coefficients are constant).

Since EWLS is a local, i.e. finite-memory estimation
procedure, one may argue (although it would be difficult
to prove this in a formal way) that for the proposed
debiasing technique to be effective, only a local stationarity
of {p(t)} is needed. Of course, this remark applies also
to the LMS/KF-based smoothers, but unlike the EWLS
case, where the smoothing formula does not depend on the
eigenstructure of the covariance matrix of {¢(#)}, in order to
use the proposed LMS and KF algorithms in a covariance-
nonstationary environment, one would need to perform on-
line estimation and eigendecomposition of the matrix ®(7),
which is not a computationally “cheap” solution any more.
Even though the simplified LMS/KF-based smoothers are free
of the drawback mentioned above, they can be expected to be
less efficient than the EWLS-based smoother.

The purpose of our third example was to show that even
when the assumption (A2) is violated, the EWLS cheap
smoother works pretty well. The identification task was to
estimate time-varying AR coefficients of a nonstationary AR

signal governed by

V(1) = 01D y(t — 1)+ 62(1)y(t — 2) + (@),

where

01(¢) = 0.5sin(27¢/1000), 62(¢) = 0.5sin(27¢/750).

In this case @ (t) = [y(t — 1), y(t — H1T.

Fig. 5 shows how the ensemble averages of the parameter
matching errors /;(t) and I>(t), computed for 200 different
realizations of {v(¢)}, depend on the delay t for n = 0.98. Note
good agreement between the nominal delay (derived under the
assumption that the covariance matrix of ¢(¢) is time-invariant)
and the true delay.

The plots of the mean-square estimation errors, displayed
in Fig. 5, confirm usefulness of the proposed smoothing
technique. Application of the simplified versions of the LMS-
based and KF-based smoothers also yielded satisfactory results,
but the obtained improvements were less significant than those
offered by the EWLS-based scheme.

7. Practical recommendations

From the three estimation schemes, discussed in the paper,
the EWLS approach seems to be the most appealing one. Since
the EWLS-based cheap smoother simply delays the estimates
provided by the EWLS tracker, it does not incur additional
computational costs and can be easily extended to a more
general class of system models.

The main advantage of the LMS algorithm is its low
computational complexity, linear in the number of estimated
coefficients. Note that only the simplified smoothing formula
preserves this feature of LMS. Additionally, one should
remember that when the eigenvalue disparity index of @
is large, LMS algorithms may suffer from very slow initial
convergence, which is a serious drawback in many applications;
in contrast with this the EWLS/KF algorithms are known of fast
initial convergence.

Even though when identification is carried for a system with
randomly drifting coefficients the KF-based smoother outper-
forms the EWLS-based smoother, this fact is of little practical
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Fig. 5. Left plot shows dependence of the mean-square parameter matching errors, yielded by the EWLS algorithm (applied to identification of an AR signal) on
the delay t for n = 0.98; the nominal delay 7 is marked with a vertical line. Right plot shows dependence of the mean-square parameter estimation errors on the
adaptation gain 1 — n for the original EWLS algorithm () and for its modified version (+).

significance. This is because the RW model usually provides
just a crude local approximation to a true parameter variation,
i.e. in majority of cases RW is an instrumental model only.

From the two ways of determining the estimation delay we
recommend the frequency-domain approach, as it is not focused
on any particular class of parameter variations. The median-
like delay measure was optimized for random walk parameter
trajectories and it usually slightly underestimates the true delay
in other cases.

8. Conclusion

We have shown that accuracy of the classical EWLS, LMS
and KF parameter tracking algorithms can be considerably
improved by means of compensating estimation delays. The
resulting parameter smoothing algorithms are computationally
inexpensive. They can be used in all applications of adaptive
filtering which allow one to postpone the model-based
decisions, i.e. execute them with a delay.

References

Bai, E.-W., Fu, L.-C., & Sastry, S. (1988). Averaging analysis for discrete time
and sampled data adaptive systems. /EEE Transactions on Circuits and
Systems, 35, 137-148.

Guo, L., & Ljung, L. (1995). Performance analysis of general tracking
algorithms. IEEE Transactions on Automatic Control, 40, 1388-1402.

Haykin, S. (1996). Adaptive filter theory. Englewood Cliffs NJ: Prentice-Hall.

Hedelin, P. (1977). Can the zero-lag filter be a good smoother?. IEEE
Transactions on Information Theory, 23, 490-499.

Lewis, F. L. (1986). Optimal estimation. New York: Wiley.

Ljung, L., & Gunnarsson, S. (1990). Adaptive tracking
identification—a survey. Automatica, 26, 7-22.

Niedzwiecki, M. (2000). Identification of time-varying processes. New York:

in system

Wiley.
Niedzwiecki, M. (2007). On the lower smoothing bound in identi-
fication of time-varying systems. Automatica, 44(22), 459-462.

doi:10.1016/j.automatica.2007.05.020.

Ravikanth, R., & Meyn, S. P. (1999). Bounds on achievable performance
in the identification and adaptive control of time-varying systems. IEEE
Transactions on Automatic Control, 44, 670-682.

Maciej NiedZwiecki was born in Poznaii, Poland in
1953. He received the M.Sc. and Ph.D. degrees from
the Gdansk University of Technology, Gdansk, Poland,
and the Dr.Hab. (D.Sc.) degree from the Technical
University of Warsaw, Warsaw, Poland, in 1977, 1981
and 1991, respectively.

He spent three years as a Research Fellow with
the Department of Systems Engineering, Australian
National University, 1986-1989. In 1990-1993 he
served as a Vice Chairman of Technical Committee on
Theory of the International Federation of Automatic Control (IFAC). He is the
author of the book Identification of Time-varying Processes (Wiley, 2000).

He works as a Professor and Head of the Department of Automatic Control,
Faculty of Electronics, Telecommunications and Computer Science, Gdarisk
University of Technology. His main areas of research interests include system
identification, signal processing and adaptive systems.




