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Statistically Efficient Smoothing Algorithm for
Time-Varying Frequency Estimation

Maciej Niedźwiecki

Abstract—The problem of extraction/elimination of a nonsta-
tionary sinusoidal signal from noisy measurements is considered.
This problem is usually solved using adaptive notch filtering (ANF)
algorithms. It is shown that the accuracy of frequency estimates
can be significantly increased if the results obtained from ANF
are backward-time filtered by an appropriately designed lowpass
filter. The resulting adaptive notch smoothing (ANS) algorithm
can be employed to perform many offline signal processing tasks,
such as elimination of sinusoidal interference from a prerecorded
signal, for example. We show that when the unknown signal fre-
quency drifts according to the random-walk model, the optimally
tuned ANS algorithm is, under Gaussian assumptions, statistically
efficient, i.e., it attains the Cramér–Rao-type lower smoothing
bound, which limits accuracy of any (whether causal or not)
frequency estimation scheme.

Index Terms—Adaptive notch filtering, adaptive notch
smoothing, frequency estimation.

I. INTRODUCTION

C ONSIDER the problem of extraction or elimination of
a nonstationary complex sinusoidal signal (cisoid)

from noisy measurements

(1)

We will assume that the complex-valued amplitude
(which incorporates the initial phase of the signal) is con-
stant, and that the real-valued instantaneous frequency

is a slowly varying quantity. In addition, we will as-
sume the following:

A1) the measurement noise is a zero-mean circular
white sequence of complex random variables with vari-
ance .

Note that, according to (1), is a constant-modulus signal
, i.e., its nonstationarity is caused by the instanta-

neous frequency changes only (the amplitude is assumed to be
unknown but constant).

Due to its large practical relevance, the problem of re-
trieving noisy sinusoidal signals has attracted a great deal of
interest in the literature—see, e.g., [1] and references therein.
Recursive estimation of signal parameters—its amplitude
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and frequency—can be achieved in many different ways
using the so-called adaptive notch filtering (ANF) algorithms.
When comparing different approaches to adaptive notch fil-
tering—and the number of different ANF algorithms proposed
over the past 30 years is truly overwhelming—one needs a
good benchmark problem. The case which is referred to in a
majority of analytical studies [2]–[6], and hence pays a role
of such a benchmark, is retrieval of a cisoid with frequency
drifting according to the random-walk (RW) equation

(2)

where
A2) the process , independent of , is a zero-

mean white noise with variance .
Even though from the practical viewpoint the RW model

can be criticized as rather naive, it has several advantages.
First, it allows one to objectively compare tracking capabili-
ties of various algorithms for different signal-to-noise ratios
SNR and different rates of frequency variations .
Second, under A2) the properties of many adaptive notch filters
can be studied analytically. Finally, and perhaps most impor-
tantly, under the random-walk hypothesis one can establish
the posterior Cramér–Rao lower tracking bound, which limits
performance of any frequency tracking scheme [7]. This allows
one to judge upon the statistical efficiency of different algo-
rithms, i.e., to evaluate their performance in absolute, rather
than relative, terms.

Almost all adaptive notch filtering algorithms proposed so
far are causal estimation schemes, which means that the instan-
taneous frequency estimators are functions of the current and
past measurements only: , where

. While in the real-time applications causality
is an obvious requirement, in many offline processing tasks,
such as elimination of a sinusoidal interference from a prere-
corded signal, estimation can be based on both past and “future”
measurements, leading to , where

, and de-
notes the number of available (recorded) data samples. When
appropriately designed, such noncausal estimators, which in-
corporate smoothing, yield smaller estimation errors than their
causal counterparts. Despite this obvious advantage, noncausal
solutions are surprisingly absent from the theory and practice of
adaptive notch filtering. One of the possible reasons of this sit-
uation is that noncausal filters are often, and rather deceptively,
called unrealizable, which has usually a negative connotation.

A simple adaptive notch smoother (ANS), based on compen-
sation of estimation delay arising in the frequency tracking loop
of an adaptive notch filter, was proposed in [8]. In this case
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the smoothed (noncausal) frequency estimate is obtained
by simply delaying the causal estimate provided by ANF:

, where is an appropriately chosen (analyt-
ically computable) estimation delay. The approach pursued in
this paper is more sophisticated.

The paper is organized as follows. The adaptive notch
smoothing algorithm is derived and analyzed in Section II. The
problem of evaluation of the Cramér–Rao-type lower frequency
tracking bound (known) and frequency smoothing bound (new)
is discussed in Section III. Section IV shows the results of three
numerical studies. Finally, Section V concludes.

II. ADAPTIVE NOTCH SMOOTHING ALGORITHM

The proposed smoothing procedure is two-pass. During the
first, forward-time pass, a conventional adaptive notch filtering
algorithm is used to obtain preliminary (biased) frequency
estimates. The second, backward-time pass, is needed to per-
form filtering of the trajectory of frequency estimates yielded
by ANF. The transfer function of the smoothing (lowpass)
filter depends on the frequency tracking characteristics of ANF
employed in the first stage of processing and will be determined
analytically.

A. Filtering

The forward-time frequency tracking will be realized using
the signal-oriented version of the generalized adaptive notch
filter (GANF) proposed and analyzed in [6], [9], and [10].
Generalized adaptive notch filters are identification algorithms
designed to track quasi-periodically varying dynamic systems.
They can be considered an extension, to the system case, of
classical adaptive notch filters and they reduce to ANFs in the
special signal case. The adaptive notch filter described in [10]
combines the exponentially weighted least squares approach
to amplitude tracking with gradient approach to frequency
tracking. The rate of amplitude adaptation is controlled by the
gain , , and the rate of frequency adaptation is
controlled by another gain , . The algorithm can
be summarized as follows:

(3)

The tracking properties of this algorithm are well understood
[6], which will be helpful when designing the smoothing filter.
Using the approximating linear filter (ALF) technique, devel-
oped by Tichavský and Händel [4], one can establish the fol-
lowing steady-state relationship between the frequency estima-
tion error , the one-step frequency changes

, and the scaled measurement noise
:

(4)

where denotes the backward shift operator and ,
.

Note that under A1) is a real-valued white noise with
variance . Under A1) and A2) the mean-squared
frequency estimation error can be expressed in explicit form as
[6]

(5)

The approximation in (5) is tight for sufficiently small values
of and .

The minimum value of the frequency tracking error is
achieved for

where

is a scalar coefficient that can be regarded as a measure of signal
nonstationarity. As shown in [6], under Gaussian assumptions,
the minimum tracking error obtained for the optimal settings

(6)

attains its lower limit known as the posterior Cramér–Rao
bound—see Section III below for more details. This means that
in the case considered the optimally tuned ANF algorithm (3) is
a statistically efficient procedure for tracking randomly drifting
frequency. It is interesting to note that the algorithm (3) is not
the only known efficient frequency tracker—at least four other
ANF algorithms with the same property were pointed out in the
literature [4], [5].

B. Smoothing

To obtain a smoothed estimate of , further denoted by
, we will pass the estimates yielded by the “pilot” ANF

algorithm (3) through an appropriately designed noncausal filter

(7)

For causal estimators, such a “postfiltering” technique was
advocated in [11].

As demonstrated in [8], a very simple form of smoothing
can be realized by regarding as an estimate of ,
rather than as an estimate of , where denotes
a nominal (low-frequency) delay of the filter . This is
equivalent to setting . The approach described
below is more sophisticated. The filter will be designed
so as to minimize the mean-squared frequency matching error

, where . Combining (4) and
(7), one arrives at

(8)
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where

(9)

Since the processes and are wide-sense sta-
tionary and mutually uncorrelated it holds that

where, to avoid confusion with , the standard Fourier-domain
angular frequency variable is denoted here by . Furthermore,
since , , , one arrives at

(10)

where , , ,
and denotes the complex conjugation.

Minimization of (10) is pretty straightforward—the problem
can be solved by minimizing for every value of

. Using Wirtinger (complex-real) calculus, applicable to
nonanalytic functions, such as , and setting

one obtains or
equivalently

(11)

Since , one can rewrite (11) in the
form

(12)

where

Observe that

(13)

where

To find the values of and which allow one to factorize
as we will request that ,

and . This leads to the following two conditions:

(14)

(15)

which can be easily resolved given that the adaptation gain is
sufficiently small. Actually, when , so that
and , (14) and (15) turn into and ,
respectively. This leads to

(16)

The approximations are tight provided that . As-
suming that the term “much smaller” can be interpreted as
“at least ten times smaller,” one can rewrite this condition in a
more explicit form as

(17)

As argued in [6], (17) can be regarded a condition of “satis-
factory signal tracking” by the ANF filter (3).

According to (16) one arrives at

(18)

which, given that the forward-time ANF algorithm is optimally
tuned, leads to [cf. (9)]

(19)

Since the filter is anticausal, the smoothed esti-
mate can be obtained by means of backward-time filtering
of the estimates yielded by the ANF algorithm (3). Such back-
ward-time filtering can be performed recursively using the fol-
lowing equations:

(20)
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where the optimal gains and , usually not known a
priori, were replaced with and , respectively—the gains used
in the tracking algorithm. Making such a choice is equivalent to
adopting .

Once the smoothed frequency trajectory is available, one can
use it to improve estimation results by running—as a follow up
to (3)—another algorithm that incorporates the smoothed fre-
quency estimates

(21)

Note that the “frequency guided” ANF filter (21), originally
proposed in [8] for the purpose of fixed-lag smoothing, does
not estimate the instantaneous frequency on its own—it relies
on frequency estimates obtained from the smoothing filter (20).

Remark 1: Even though derivation and analysis of the
ANF/ANS algorithms was carried out under the assumption
that the signal amplitude is unknown but constant, both filters
cope favorably with slow frequency and amplitude changes.

Remark 2: The computational cost of the proposed ANS al-
gorithm is very low. Careful examination of ANS recursions
shows that they require only 20 real multiplications, one real
division and evaluation of two complex exponentials per time
update, offering in return both frequency and signal estimates.

C. Extension to the Multiple Frequencies Case

Using the framework described in [10, Sec. 3c], the proposed
ANS algorithm can be easily extended to the multiple frequen-
cies case, where

and denotes the number of cisoids embedded in noise.
The resulting algorithm is a parallel estimation scheme com-

bining “local” ANS filters. The component filters are designed
to track different frequency components of and are driven
by “global” prediction errors and (to add some extra
design flexibility, we have equipped each subalgorithm with in-
dependently assigned adaptation gains and ):

pilot filter:

(22)

smoothing filter:

(23)

frequency-guided filter:

(24)

where and .
The efficient initialization procedure, which can be used to

identify the number of frequency modes , and to determine
initial conditions—both frequencies and amplitudes—that guar-
antee smooth start, i.e., start without initialization transients, of
the ANS algorithm (22)–(24) was presented in [12] (see also
[13]).

Remark: When , the ALF analysis carried out above
is valid as long as the estimated frequencies remain well-sepa-
rated. When frequency tracking is disabled ( , ),
the first-order steady-state parameter tracking properties of (3)
are characterized by the relationship
where is a narrowband
extraction filter centered at the frequency , with bandwidth

. Therefore, the frequency separation condition for
(22) can be approximately expressed in the form

(25)

When the above condition is not fulfilled, the bandwidths of
the extraction filters partially overlap, making the behavior of
the entire structure difficult to predict. It should be stressed,
however, that the proposed algorithm works pretty well even if
the frequency separation condition is violated.

III. POSTERIOR CRAMÉR–RAO BOUNDS

When the estimated frequency is time-invariant ( ,
), the measurement noise is circular Gaussian and the signal

amplitude is known, the estimation accuracy of any unbiased
estimator of is limited by the following
Cramér–Rao inequality:

CRB

SNR
(26)
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where CRB denotes the Cramér–Rao lower frequency estima-
tion bound [14], [15]. A similar bound, also proportional to

, can be derived in the unknown amplitude case.
When the instantaneous frequency is a stochastic variable, the

classical Cramér–Rao inequality does not apply. A bound that is
similar to the CRB, and can be applied to signals with randomly
drifting frequency, was derived by Tichavský [7], based on a
more general result due to van Trees [16]. This bound was called
in [7] the posterior Cramér–Rao bound (PCRB). Denote by

any estimator (possibly biased) of the vector
of instantaneous frequencies , based on
the entire observation history . Suppose that, in addition
to A1) and A2), the following two assumptions are fulfilled:

A3) the processes and are Gaussian;
A4) the complex amplitude is known and the prior distri-

bution of is noninformative: for
.

Then it is possible to show that [7]

(27)

where denotes the so-called posterior Fisher information
matrix

...
...

...
...

...

...
...

...
...

...

and averaging is carried out over all realizations of the measure-
ment noise sequence and all realiza-
tions of the frequency trajectory .

Note that (27) entails

(28)

where denotes the th element of the matrix . Denote
by the matrix obtained after removing from the th
row and the th column. Then the right-hand side of (28) can be
expressed in the form

(29)

Let . Based on (28) Tichavský computed
the asymptotic (steady-state) value of PCRB for any causal

Fig. 1. Convergence of the estimation bound ���� �� to the corresponding lim-
iting values for � � ����� and for two SNR values: 0 dB �� � �� � and
30 dB �� � �� �.

estimator of . This bound, further referred to as the lower
tracking bound (LTB), can be obtained from

(30)

The analogous quantity, limiting the steady-state perfor-
mance of any frequency estimation scheme (including all
noncausal estimators), will be called the lower smoothing
bound (LSB). It is given by

(31)

Note that in the asymptotic case the estimate in (30)
is a function of an infinite past observation history

while the estimate in (31) is a func-
tion of both an infinite past and infinite future observation his-
tory , where

.
As shown in [7], the lower tracking bound can be computed

analytically

(32)

where

Even though it is difficult to derive similar expressions for
the lower smoothing bound, it is clear from (29) and (31) that it
must take the form

The lower smoothing bound can be evaluated numerically as
provided that is sufficiently large.

Fig. 1 illustrates convergence of to the corresponding
limiting values for and for two
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Fig. 2. Dependence of the limiting tracking versus smoothing variance ratio on
the degree of signal nonstationarity �.

SNR values: 0 dB and 30 dB . Gener-
ally, the smaller the value of , the larger should be to guar-
antee good approximation.

Since, in the case of smoothing, the amount of data used for
estimation is effectively doubled compared to tracking, it holds
that , i.e., the limiting accuracy of noncausal esti-
mators exceeds accuracy of their causal counterparts. The pos-
sible margin of improvement LTB/LSB, which is a function of

, is depicted in Fig. 2. Note the difference between the time-in-
variant case and the time-varying case. When the number of
data points is doubled in (26), the limiting frequency esti-
mation variance is reduced by the factor of eight.1 In the ran-
domly drifting frequency scenario, the analogous reduction rate
approaches 4 for small values of .

When , which is a less stringent condition than (17),
it holds that and , leading to
the following approximation:

(33)

Comparison of (6) with (33) confirms that when the degree of
signal nonstationarity is sufficiently small, the optimally tuned
ANF filter (3) attains the lower tracking bound, i.e., it is—under
assumptions A1)–A4)—a statistically efficient frequency esti-
mation procedure. Numerical test reported in the next section
clearly demonstrate that the proposed ANS algorithm is also
statistically efficient, i.e., when optimally tuned it reaches the
lower smoothing bound, which limits performance of any non-
causal frequency estimation scheme.

IV. NUMERICAL STUDY

Four numerical experiments were performed to check perfor-
mance of the proposed scheme.

Example 1: Fig. 3 shows a comparison of the theoretical
values of the lower smoothing bound with experimental results
obtained for the signal (1), (2), for three different speeds of
frequency variation (0.01, 0.001, and 0.0001) and 16 dif-
ferent SNR values, ranging from 0 to 30 dB. The mean-squared
frequency estimation errors were evaluated (for the optimally
tuned ANS algorithm) by means of joint time and ensemble

1This obviously means that the amount of information relevant for frequency
estimation does not grow linearly with � .

Fig. 3. Comparison of the theoretical values of the lower smoothing bound
(solid lines) with experimental results obtained for the signal with randomly
drifting frequency for three different speeds of frequency variation: � � ����
���, � � ��������, � � ���������, and 16 different SNR values.

averaging. First, for each realization of the measurement noise
sequence and each realization of the frequency trajectory, the
mean-squared errors were computed from 200 iterations of the
ANS filter (after the algorithm has reached its steady state).
The obtained results were next averaged over 200 realizations
of and 200 realizations of .

Note the good agreement between the theoretical curves and
the results of computer simulations. The worst fit can be ob-
served for the fastest frequency changes , which is
understandable since in this case the associated degrees of signal
nonstationarity range from (for SNR 0 dB) to
(for SNR 30 dB), i.e., they violate the “satisfactory tracking”
condition (17).

Example 2: In our second experiment the average rate of
frequency change and the signal-to-noise ratio were fixed
( , SNR dB) whereas the adaptation gain

was changed. To reduce the number of design degrees of
freedom the second adaptation gain was set to .
This rule was inspired by the fact that, according to (16),

. All remaining simulation details were the
same as those described in Example 1. Fig. 4 shows how the
mean-squared frequency estimation errors depend on for the
ANF and ANS algorithms, respectively. Note that the ANS
filter yields uniformly better (approximately four times better)
results than its ANF “pilot” prototype, for the entire range of
adaptation gains, and in particular, for the gains that differ from
the optimal settings.

Example 3: Our third experiment aimed at checking how
the proposed algorithm behaves under nonstandard conditions.
Fig. 5 shows results obtained for a signal with sinusoidally
varying frequency

To ensure that the ANF and ANS algorithms reach their
steady-state behavior the evaluation interval, covering 3000
samples (i.e., one period of frequency changes), was placed in
the middle of a much wider analysis interval. All mean-squared
errors were evaluated for 200 realizations of the measurement
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Fig. 4. Comparison of the results obtained for the ANF algorithm ��� and the
ANS algorithm ��� for different values of the adaptation gain � �� � � ���.
The LTB and the LSB are indicated by horizontal lines.

Fig. 5. Comparison of the results obtained for the ANF algorithm ��� and the
ANS algorithm ��� for different values of the adaptation gain ��� � � ���
for the signal with sinusoidally varying frequency. Both plots (solid lines) were
evaluated on a grid of 100 equidistant values of �.

noise SNR 10 dB . Similarly as in the previous example,
the ANS algorithm yielded uniformly better results than the
ANF algorithm. It is interesting to note that the margin of
improvement, offered by smoothing, is in this deterministic
case much larger than in the stochastic case—the peak-to-peak
(or, more adequately, bottom-to-bottom) variance reduction is
equal , i.e., the smallest achievable mean-squared
smoothing errors are two orders of magnitude smaller than the
corresponding tracking errors.

Example 4: The purpose of our last experiment was to check
properties of the multiple frequency smoother (22), (25), and
(26). Figs. 6 and 7 show results obtained for a signal consisting
of two components with well-separated linearly time-varying
frequencies

The structure made up of two ANF/ANS filters was
implemented. The same settings were adopted for both subal-
gorithms: , . Similarly as before,
was set to .

Fig. 6. Comparison of frequency estimation errors obtained for the ANF al-
gorithm ��� and the ANS algorithm ��� for different values of the adaptation
gain ��� � � ��� for a signal consisting of two components with well-sepa-
rated linearly varying frequencies. Both plots (solid lines) were evaluated on a
grid of 100 equidistant values of �.

Fig. 7. Comparison of signal reconstruction errors obtained for the ANF al-
gorithm ��� and the ANS algorithm ��� for different values of the adaptation
gain ��� � � ��� for a signal consisting of two components with well-sepa-
rated linearly varying frequencies. Both plots (solid lines) were evaluated on a
grid of 100 equidistant values of �.

For each realization of measurement noise the steady-state
mean-squared estimation errors, given by

were computed in the evaluation interval [2001,4000] (placed
inside a wider analysis interval [1,6000]). The frequency
smoothing and signal smoothing errors and were com-
puted in an analogous way. All results were next averaged over
200 realizations of noise (for both signal components SNR was
equal to 10 dB). From the qualitative viewpoint, the situation
is similar to that discussed in the previous, single-frequency
case—smoothing offers significant improvements over filtering
for a wide range of adaptation gains .
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Fig. 8. Comparison of frequency estimation errors obtained for the ANF al-
gorithm ��� and the ANS algorithm ��� for different values of the adaptation
gain ��� � � ��� for a signal consisting of two components with poorly sep-
arated linearly varying frequencies. Both plots (solid lines) were evaluated on a
grid of 100 equidistant values of �.

Fig. 9. Comparison of signal reconstruction errors obtained for the ANF algo-
rithm ��� and the ANS algorithm ��� for different values of the adaptation gain
��� � � ��� for a signal consisting of two components with poorly separated
linearly varying frequencies. Both plots (solid lines) were evaluated on a grid of
100 equidistant values of �.

To check what happens when the separation condition (25) is
not fulfilled, another linearly chirped signal was generated using

Note that the corresponding frequency trajectories intersect
in the middle of the analysis interval. This means that in the
vicinity of the crossover point the condition (25) is
violated for every value of . Results obtained in
this case are summarized in Figs. 8 and 9. The ruggedness of the
plots is caused by outliers due to the frequency switching effect,
observed (rarely) when the separation condition is not fulfilled.
When passbands of two ANF filters overlap, the corresponding
estimates, say and , may occasionally “switch” be-
tween and . This means that in some time intervals

follows and follows , while in some
other intervals follows and follows .
Frequency switching produces jitter which can be seen at both
error plots. Note that even under such harsh estimation condi-
tions, smoothing yields consistently better results than filtering
(although the achievable rate of improvement is much reduced).

V. CONCLUSION

We have shown that accuracy of frequency estimates
yielded by the adaptive notch filtering (ANF) algorithm can be
considerably improved by means of “postfiltering.” The char-
acteristics of the smoothing filter, operated backward in time,
can be derived analytically based on the linearized description
of ANF. We have demonstrated that when the time-varying
signal frequency drifts according to the random-walk model,
the proposed adaptive notch smoothing (ANS) algorithm
is statistically efficient, i.e., it attains the Cramér–Rao type
lower smoothing bound. Since ANS is a noncausal estimation
scheme, its use is restricted to offline processing tasks, such as
extraction or elimination of nonstationary sinusoidal signals
from sequences of prerecorded noisy measurements. The
algorithm is computationally very attractive and can be easily
extended to the multiple frequencies case. The frequency
smoothing framework described in the paper can be extended
to other frequency estimation schemes, such as the multiple
frequency tracker [17].
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