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Abstract: Generalized adaptive notch filters (GANFs) are used for identifica-
tion/tracking of quasi-periodically varying dynamic systems and can be considered
an extension, to the system case, of classical adaptive notch filters. The tracking
properties of a GANF algorithm depend on two adaptation gains, which should be
chosen so as to match the degree of nonstationarity of the identified system. First,
an analytical study of a tracking performance of a real-valued GANF algorithm
is presented. Then, based on the obtained theoretical results, a self-optimizing
algorithm is proposed, capable of automatic tuning of its adaptation gains. The
paper is an extension of the previous work devoted to complex-valued GANF
algorithms.
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1. INTRODUCTION

Consider the following real-valued quasi-periodi-
cally varying system

y(t) =
n∑

l=1

θl(t)ϕl(t) + v(t)

= ϕT(t)θ(t) + v(t) (1)

where t = 1, 2, ... denotes the normalized discrete
time, y(t) denotes the system output, ϕ(t) =
[ϕ1(t), ..., ϕn(t)]T is the regression verctor, v(t) is
an additive white noise, uncorrelated with ϕ(t),
and θ(t) = [θ1(t), ..., θ2(t)]

T denotes the vector
of time varying system coefficients, modeled as
weighted sums of sinusoidal and cosinusoidal func-
tions:

θl(t) = cl,0(t) +
k∑

l=1

[cl,2i−1(t) sin φi(t)

+ cl,2i(t) cos φi(t)] , l = 1, ..., n (2)

where

φi(t) =
t∑

τ=1

ωi(τ) (3)

It is assumed that, for every i, the quantaties cl,i,
l = 1, ..., n and ωi(t) are slowly time-varying. It

is also assumed that the sequence {ϕ(t)} is zero-
mean, wide-sense stationary and ergodic, with
covariance matrix Φ.
The models similar to (1) - (3) arise in many prac-
tical applications such as equalization of rapidly
fading communication channels and array process-
ing (Tsatsanis & Giannakis, 1996), (Giannakis &
Tepedelenlioǧlu, 1998), (Bakkoury et al., 2000).
The parameters of the quasi-periodically varying
system (1)–(3) can be tracked using generalized
adaptive notch filters (GANFs). The name “gen-
eralized adaptive notch filters” stems from the fact
that in the special signal case (n = 1, ϕ(t) ≡
1) GANF algorithms turn into classical adaptive
notch filters (ANFs) – devices used to either ex-
tract or eliminate nonstationary sinusoidal signals
buried in noise.
The first GANF algorithms, in their complex-
valued version, were presented in (Niedźwiecki
& Kaczmarek, 2005a) and (Niedźwiecki & Kacz-
marek, 2005b). The first real-valued GANF al-
gorithm was presented in (Niedźwiecki & Kacz-
marek, 2005c) and its frequency tracking proper-
ties were analyzed in (Niedźwiecki & Sobociński,
2007). The main purpose of the current study
is to extend results presented in (Niedźwiecki &
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Kaczmarek, 2006a) for complex-valued GANF al-
gorithms. We will show that, despite some obvious
qualitative similarities between the complex case
and the real case, analysis of the real-valued al-
gorithm leads to slightly different quantitative re-
sults than those obtained earlier for the complex-
valued algorithm. It should be stressed that the
investigation presented below is not a special case
of the analysis carried out in (Niedźwiecki &
Kaczmarek, 2006a) – as a matter of fact real-
valued algorithms are considerably more difficult
to analyze than complex-valued algorithms.

2. REAL-VALUED GANF ALGORITHM

As in (Niedźwiecki & Sobociński, 2007), the an-
alytical study will be focused on systems with a
single nonzero frequency mode. In such a case

θl(t) = cl,1(t) sin φ(t) + cl,2(t) cos φ(t)

φ(t) =
t∑

τ=1

ω(τ) , l = 1, . . . , n (4)

The corresponding GANF algorithm can be writ-
ten down in the form

z(t) = [In ⊗ Ĝ(t)]Tβ̂(t − 1)

ε(t) = y(t) − [ϕ(t) ⊗ f(0)]
T

z(t)

β̂(t) = z(t) + µ
[
(Φ−1ϕ(t)) ⊗ f(0)

]
ε(t)

g(t) = [ϕ(t) ⊗ h(0)]
T

z(t)ε(t)

ω̂(t + 1) = ω̂(t) + ηg(t)

θ̂(t) = [In ⊗ f(0)]Tβ̂(t) (5)

where ⊗ is the symbol of a Kronecker product, In

denotes the n × n identity matrix,

f(t) = [sinφ(t), cos φ(t)]T

h(t) = [cos φ(t),− sin φ(t)]T

f(0) = [0, 1]T, h(0) = [1, 0]T

and

Ĝ(t) =

[
cos ω̂(t) sin ω̂(t)

− sin ω̂(t) cos ω̂(t)

]

is an orthogonal rotation matrix.
Tracking performance of this algorithm can be
controlled by two user-dependent scalar coeffi-
cients: the small adaptation gain µ > 0, which
decides upon the speed of amplitude tracking, and
another gain η > 0, which determines the speed
of frequency tracking.

3. TRACKING ANALYSIS

Denote by w(t) the one-step frequency change:
w(t) = ω(t) − ω(t − 1). We will restrict tracking
analysis to the case where

β(t) = (In ⊗ G(t))Tβ(t − 1),∀t

G(t) =

[
cos ω(t) sin ω(t)

− sin ω(t) cos ω(t)

]

In such a case the changes of θ(t) can be at-
tributed exclusively to the changes in ω(t), and

the Euclidean norm of β(t) is constant: ||β(t)||2 =
||β(0)||2 = ||β0||2.
Denote by ∆ω̂(t) = ω̂(t) − ω(t) and ∆β̂(t) =

β̂(t)−β(t) the corresponding tracking errors and
let

e(t) = βT

0 [ϕ(t) ⊗ h(t)]v(t)

∆β̃(t) = [In ⊗ B(t)]∆β̂(t)

B(t) =
t∏

i=1

G(i) , J =

[
0 1

−1 0

]

By combining the approximating linear filter-
ing (ALF) technique, proposed in (Tichavský &
Händel, 1995) for analysis of adaptive notch fil-
ters, with the method of deterministic averag-
ing, the following approximation formulas were
derived in (Niedźwiecki & Sobociński, 2007)

∆ω̂(t) ∼= H1(q
−1)e(t) + H2(q

−1)w(t) (6)

∆β̃(t) ∼= λ∆β̃(t − 1) − λ (In ⊗ J)βo∆ω̂(t)

+ µ
(
Φ−1 ⊗ I2

)
[ϕ(t) ⊗ f(t)]v(t) (7)

where q−1 denotes the backward shift operator,
the approximation filters have the form

H1(q
−1) =

2(1 − δ)(1 − q−1)q−1

b2(1 − (λ + δ)q−1 + λq−2)

H2(q
−1) = − 1 − λq−1

1 − (λ + δ)q−1 + λq−2

and λ = 1−µ/2, δ = 1−ηb2/2, b2 = βT
o (Φ⊗I2)βo.

The filters H1(q
−1) and H2(q

−1) are asymptoti-
cally stable for any λ and δ from the interval (0, 1).
After combining (6) with (7), and noting that
h(t) = Jf(t), one arrives at

∆β̃(t) ∼= Kn

(
q−1

)
n(t) + Kw

(
q−1

)
w(t)

where n(t) = [ϕ(t) ⊗ f(t)]v(t) and

Kn

(
q−1

)
=

µ
(
Φ−1 ⊗ I2

)

1 − λq−1

− λ (In ⊗ J) βoβo
T (In ⊗ J) H1

(
q−1

)

1 − λq−1

Kw

(
q−1

)
= −λ (In ⊗ J) βoH2

(
q−1

)

1 − λq−1

3.1 Evaluation of the excess prediction error

To arrive at analytical results we will assume
that the instantaneous frequency ω(t) evolves ac-
cording to the random walk model, i.e. that the
frequency increments w(t) form a white noise
sequence with variance σ2

w, independent of v(t).

Denote by ŝ(t) = ϕT(t)θ̂(t) the estimate of the
noiseless system output s(t) = ϕT(t)θ(t). Define
the excess prediction error εs(t) as

εs(t) = ŝ(t) − s(t) = ϕT(t)∆θ̂(t)

= ϕT(t)
(
In ⊗ fT(0)

)
∆β̂(t)

where ∆θ̂(t) = θ̂(t) − θ(t).
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Since B(t)f(0) = f(t) and B−1(t) = BT(t), it
holds that

εs(t) = ϕT(t)
(
In ⊗ fT(t)

)
∆β̃(t)

As it was shown in (Niedźwiecki & Sobociński,
2007), when the adaptation gains µ and γ are

small, the quantity ∆β̃(t) varies slowly compared
to ϕ(t) and f(t). Denote by 〈· 〉T a local time
average, where T is the length of the analysis
window, centered at t. Due to ergodicity of {ϕ(t)}

〈ϕ(t)ϕT(t)〉T ∼= 〈ϕ(t)ϕT(t)〉∞ = Φ

Furthermore, for sufficiently slow frequency varia-
tions, sin φ(t) and cos φ(t) are locally almost peri-
odic functions of time: sinφ(t+i) ∼= sin[ω0 ·(t+i)],
cos φ(t + i) ∼= cos[ω0 · (t + i)], i ∈ [−T/2, T/2− 1],
where ω0 = φ(t)/t. Therefore, when T ≫ 2π/ω0,
one arrives at

〈f(t)fT(t)〉T ∼= 〈f(t)fT(t)|ω(t) ≡ ω0〉∞ =
1

2
I2

Combining both results one obtains

〈E
[
ε2

s(t)
]
〉T ∼= 1

2
E

[
∆β̃T(t) (Φ ⊗ I2)∆β̃(t)

]

As shown in the Appendix, the time-averaged
mean-squared excess prediction error for the al-
gorithm (5), applied to the system (4), with fre-
quency changing according to the random walk
model, can be approximated by the following ex-
pression

〈E
[
ε2

s(t)
]
〉T ∼=

[
nµ

2
+

γ

µ

]
σ2

v +
b2

2µγ
σ2

w (8)

where where γ = 1 − δ = ηb2/2 and n =
dim θ(t) denotes the number of estimated system
coefficients.
Denote by µs and γs the values of µ and γ that
minimize (8). It is straightforward to show that

µs = 2
4

√
ξ

n2
, γs =

√
ξ (9)

where

ξ =
b2σ2

w

2σ2
v

3.2 Experimental verification

We will check the approximation (8) using com-
puter simulation. Consider the following two-tap
FIR system:

y(t) = θ1(t)u(t) + θ2(t)u(t − 1) + v(t)

where u(t) denotes a white PRBS (pseudo-random
binary) input sequence (u(t) = ±1, σ2

u = 1) and
v(t) denotes Gaussian measurement noise. The
impulse response coefficients of this system were
modeled as nonstationary harmonic signals

θ1(t) =
√

15 sinφ(t) +
√

5 cos φ(t)

θ2(t) =
√

5 sinφ(t) +
√

15 cos φ(t)

φ(t) =
t∑

τ=1

ω(τ)

E[ε2
s(t)]

0 0.02 0.04 0.06 0.08 0.1

10
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10
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10
0
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Fig. 1. Variance of the excess prediction error εs(t)
for a two-tap system with a single frequency
mode, subject to a random walk drift. The
theoretical results (solid lines) are compared
with simulation results (500 runs for each
point) obtained for different values of µ; to
reduce the number of degrees of freedom, the
second adaptation gain γ was set to nµ2/4.
The corresponding signal-to-noise ratios were
equal to (from top to bottom): 0 dB, 5 dB,
10 dB, 15 dB, 20 dB and 30 dB.

Note that in this case ϕ(t) = [u(t), u(t−1)]T,Φ =
I2 and b2 = 40.
Fig. 1 shows comparison of theoretical evalua-
tions, based on (8), with the results of computer
simulations. The plot illustrates dependence of
the average mean-squared system tracking error
〈E[ŝ(t) − s(t))2]〉T on µ given γ = nµ2/4. All ex-
perimental points were obtained by means of dou-
ble averaging: over time (2000 iterations, after the
algorithm has reached its steady state behavior)
and over different realizations of {u(t), v(t), w(t)}
(500 simulation runs). Note the good agreement
between theoretical curves and the results of com-
puter simulations.

4. SELF-OPTIMIZING GANF ALGORITHM

In order to guarantee satisfactory performance of
the GANF algorithm, the values of adaptation
gains should match the degree of system non-
stationarity, so as to trade-off the filter’s track-
ing speed (which increases with growing gains),
and its tracking accuracy (which decreases with
growing gains). A self-optimizing complex-valued
GANF algorithm, capable of automatic tuning
of its adaptation gains, was recently proposed in
(Niedźwiecki & Kaczmarek, 2006b). Below we will
extend this approach to the real-valued algorithm
(5).
Similarly as it was done in (Niedźwiecki &
Kaczmarek, 2006b), we will start from “pre-
optimizing” the GANF algorithm. Assume, for
the time being, that the scalar coefficient b2 is
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constant and known (we will relax this assump-
tion later on). When tuning the original GANF
algorithm (5) one needs to simultaneously adjust
two adaptation gains: µ and η (or γ). According
to (9), the optimal value of γ is proportional to
the square of the optimal value of µ: γs = nµ2

s/4.
Therefore, to make tuning easier, it may be worth-
while to reduce the number of design degrees of
freedom from two (µ, η) to one (µ) by setting
γ = nµ2/4, or equivalently η = nµ2/(2b2). In
such a case the frequency update recursion in (5)
should be replaced with

ω̂(t + 1) = ω̂(t) + κµ2g(t) (10)

where κ = n/(2b2). Simulation experiments con-
firm that – even though derived for a specific,
random walk model of frequency changes – the
update rule (10) can be very useful in practice: it
works pretty satisfactorily under a wide range of
more “realistic” frequency variation scenarios.
We will adjust the adaptation gain µ recursively,
by minimizing the following local measure of fit,
made up of exponentially weighted prediction
errors

V (t, µ) =
1

2

t∑

τ=1

ρt−τε2(τ, µ)

The forgetting constant ρ (0 < ρ < 1) decides
upon the effective averaging range.
To evaluate the estimate µ̂(t) = arg minµ V (t, µ)
we will use the standard RPE approach. Accord-
ing to (Söderström & Stoica, 1996), the RPE
algorithm can be expressed in the form

µ̂(t) = µ̂(t − 1)

− [V ′′(t, µ̂(t − 1))]
−1

V ′(t, µ̂(t − 1))

where

V ′(t, µ̂(t − 1)) ∼= ε(t, µ̂(t − 1))
∂ε(t, µ̂(t − 1))

∂µ

V ′′(t, µ̂(t − 1)) ∼= ρV ′′(t − 1, µ̂(t − 2))

+

[
∂ε(t, µ̂(t − 1))

∂µ

]2

and all derivatives are taken with respect to µ.
Let

ϑ(t) =
∂z(t, µ̂(t − 1))

∂µ
, ζ(t) =

∂ε(t, µ̂(t − 1))

∂µ

ψ(t) =
∂β̂(t, µ̂(t − 1))

∂µ
, ̺(t) =

∂g(t, µ̂(t − 1))

∂µ

χ(t) =
∂ω̂(t, µ̂(t − 1))

∂µ
, r(t) = V ′′(t, µ̂(t − 1))

Straightforward calculations lead to

ϑ(t) =[In ⊗ (JĜ(t))]Tχ(t)β̂(t − 1)

+[In ⊗ Ĝ(t)]Tψ(t − 1)

ζ(t) = − [ϕ(t) ⊗ f(0)]Tϑ(t)

ψ(t) =ϑ(t) + [Φ−1ϕ(t) ⊗ f(0)]

×[ε(t) + µ̂(t − 1)ζ(t)]

̺(t) =[ϕ(t) ⊗ h(0)]T[ϑ(t)ε(t) + z(t)ζ(t)]

r(t) =ρ r(t − 1) + ζ2(t)

µ̂(t) =µ̂(t − 1) − ε(t)ζ(t)

r(t)

χ(t + 1) =χ(t) − κµ̂(t)[2g(t) + µ̂(t)̺(t)] (11)

When the true value of b2 is unknown and possibly
time-varying, one can replace it with the estimate

b̂2(t) = β̂T(t)(Φ ⊗ I2)β̂(t) (12)

When the covariance matrix Φ is also unknown,
one can replace it in (5), (11) and (12) with the
exponentially weighted estimate

Φ̂(t) = λoΦ̂(t − 1) + (1 − λo)ϕ(t)ϕT(t) (13)

where λo, 0 < λo < 1, denotes forgetting constant.
Combining (5), (10), (11), (12) and (13) one fi-
nally arrives at the following self-optimizing ver-
sion of the real-valued GANF algorithm

z(t) = [In ⊗ Ĝ(t)]Tβ̂(t − 1)

ε(t) = y(t) − [ϕ(t) ⊗ f(0)]
T

z(t)

Φ̂(t) = λoΦ̂(t − 1) + (1 − λo)ϕ(t)ϕT(t)

ϑ(t) = [In ⊗ (JĜ(t))]Tχ(t)β̂(t − 1)

+[In ⊗ Ĝ(t)]Tψ(t − 1)

ζ(t) = − [ϕ(t) ⊗ f(0)]Tϑ(t)

ψ(t) = ϑ(t) + [Φ̂−1(t)ϕ(t) ⊗ f(0)]

×[ε(t) + µ̂(t − 1)ζ(t)]

̺(t) = [ϕ(t) ⊗ h(0)]T[ϑ(t)ε(t) + z(t)ζ(t)]

r(t) = ρ r(t − 1) + ζ2(t)

µ̂(t) = µ̂(t − 1) − ε(t)ζ(t)

r(t)

β̂(t) = z(t) + µ̂(t)
[
(Φ̂−1(t)ϕ(t)) ⊗ f(0)

]
ε(t)

g(t) = [ϕ(t) ⊗ h(0)]
T

z(t)ε(t)

b̂2(t) = β̂T(t)[Φ̂(t) ⊗ I2]β̂(t)

κ(t) = n/[2b̂2(t)]

ω̂(t + 1) = ω̂(t) + κ(t)µ̂2(t)g(t)

χ(t + 1) = χ(t) − κ(t)µ̂(t)[2g(t) + µ̂(t)̺(t)]

θ̂(t) = [In ⊗ f(0)]Tβ̂(t) (14)

Using the parallel estimation approach, described
in (Niedźwiecki & Kaczmarek, 2006b), the algo-
rithm (14) can be easily extended to the multiple
frequencies case, i.e. to systems governed by (1) -
(3).
The algorithm suitable for the signal case

y(t) = s(t) + v(t)

s(t) = c1(t) sin φ(t) + c2(t) cos φ(t)

φ(t) =
t∑

τ=1

ω(τ) (15)

can be obtained from (14) using the following
substitutions: n = 1, ϕ(t) ≡ 1, Φ(t) ≡ 1 and
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β̂(t) = ŝ(t). The resulting simplified recursions
are

z(t) = ĜT(t)β̂(t − 1)

ε(t) = y(t) − fT(0)z(t)

ϑ(t) = ĜT(t)[JTβ̂(t − 1) χ(t) + ψ(t − 1)]

ζ(t) = − fT(0)ϑ(t)

ψ(t) = ϑ(t) + f(0)[ε(t) + µ̂(t − 1)ζ(t)]

̺(t) = hT(0)[ϑ(t)ε(t) + z(t)ζ(t)]

r(t) = ρ r(t − 1) + ζ2(t)

µ̂(t) = µ̂(t − 1) − ε(t)ζ(t)

r(t)

β̂(t) = z(t) + µ̂(t)f(0)ε(t)

g(t) = hT(0)z(t)ε(t)

b̂2(t) = ||β̂(t)||2

κ(t) = 1/[2b̂2(t)]

ω̂(t + 1) = ω̂(t) + κ(t)µ̂2(t)g(t)

χ(t + 1) = χ(t) − κ(t)µ̂(t)[2g(t) + µ̂(t)̺(t)]

ŝ(t) = fT(0)β̂(t) (16)

5. SIMULATION RESULTS

Our simulation experiment aimed at checking
performance of the self-optimizing adaptive notch
filter (16). The analyzed signal, governed by (15),
was a noisy cisoid (c1(t) = c2(t) ≡ 1, σv = 0.1)
with frequency drifting according to the random-
walk model, starting from ω(0) = π/8 – a typical
frequency trajectory is shown in Fig. 2. The rate
of frequency variation was time-varying:

σw(t) =





0.0005 for t ∈ [1, 5000]
0.001 for t ∈ [5001, 10000]
0.0001 for t ∈ [10001, 15000]

The self-optimizing algorithm (16) was imple-
mented with ρ = 0.995. Fig. 3 shows the ensem-
ble average of µ̂(t), evaluated for 100 simulation
runs, corresponding to different realizations of the
processes {v(t)} and {w(t)}. The obtained results
confirm that the proposed gain scheduling rule
works correctly.

6. CONCLUSION

We have shown that a real-valued generalized
adaptive notch filter (GANF), used for identifi-
cation/tracking of quasi-periodically varying sys-
tems, can be equipped with an auto-tuning loop,
capable of performing on-line optimization of the
algorithm’s tracking performance. The proposed
adaptation mechanism combines analytical re-
sults, derived for the real-valued GANF algo-
rithm, with the recursive prediction error ap-
proach to optimization of adaptive filters.

4000 8000 12000
0.38

0.39

0.4

ω
(t

)

t

Fig. 2. Evolution of the instantaneous frequency
of the analyzed signal during a typical simu-
lation run.

4000 8000 12000
0.01

0.02

0.03

0.04

0.05

0.06

0.07

E
[µ

(t
)]

t

Fig. 3. Ensemble average (obtained for 100 sim-
ulation runs) of the gain estimate µ̂(t); thin
line shows the optimal value of µ.

REFERENCES

Bakkoury, J., D. Roviras, M. Ghogho & F. Cas-
tanie (2000). Adaptive MLSE receiver over
rapidly fading channels. Signal Processing, vol.

80, 1347–1360.
Giannakis, G.B. and C. Tepedelenlioǧlu (1998).
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APPENDIX [derivation of (8)]

Note that

〈E
[
ε2

s(t)
]
〉T ∼= 1

2
E

[
∆β̃T(t) (Φ ⊗ I2)∆β̃(t)

]

=
1

2
tr{(Φ ⊗ I2)Σ}

where Σ = E
[
∆β̃(t)∆β̃T(t)

]
. Furthermore

Σ =
1

2π

∫ π

−π

S
∆β̃

(ω)dω

where S
∆β̃

(ω) denotes the spectral density matrix

of the sequence {∆β̃(t)}.
Since n(t) and w(t) are mutually uncorrelated,
using standard linear filtering results one arrives
at

S
∆β̃

(ω) = Kn

(
e−jω

)
DnK

T

n

(
ejω

)

+ |Kw

(
e−jω

)
|2σ2

w

where

Dn =
1

2
(Φ ⊗ I2)σ2

v

Using the identity JT = −J one arrives at

Kn

(
e−jω

)
DnK

T

n

(
ejω

)
=

=
σ2

v

2|1 − λe−jω|2 {µ2(Φ−1 ⊗ I2)+

+λµ(In ⊗ J)βo[(In ⊗ J)βo]
TH1

(
e−jω

)

+λµ(In ⊗ J)βo[(In ⊗ J)βo]
TH1

(
ejω

)

+λ2(In ⊗ J)βo[(In ⊗ J)βo]
T(Φ ⊗ I2)

×(In ⊗ J)βo[(In ⊗ J)βo]
T|H1

(
e−jω

)
|2}

∣∣Kw

(
e−jω

)∣∣2 σ2

w =
λ2σ2

w

|1 − λe−jω|2

× (In ⊗ J)βo[(In ⊗ J)βo]
T

∣∣H2

(
e−jω

)∣∣2

Note that

tr{(Φ ⊗ I2) [(In ⊗ J)βo] [(In ⊗ J)βo]
T}

= [(In ⊗ J)βo]
T

(Φ ⊗ I2) [(In ⊗ J)βo]

= βT

o (Φ ⊗ I2)βo = b2

Hence

tr{(Φ ⊗ I2)S
∆β̃

(ω)} =
σ2

v

2|1 − λe−jω|2
× {2nµ2 + λµb2H1

(
e−jω

)
+ λµb2H1

(
ejω

)

+ |λb2H1

(
e−jω

)
|2} + σ2

w

∣∣∣
λb H2

(
e−jω

)

1 − λe−jω

∣∣∣
2

=
(2n − 1)σ2

v

2
|FR

(
e−jω

)
|2 +

σ2
v

2
|GR1

(
e−jω

)
|2

+ b2σ2

w|GR2

(
e−jω

)
|2

where
FR

(
q−1

)
=

µ

1 − λq−1

GR1

(
q−1

)
=

µ + λb2H1

(
q−1

)

1 − λq−1

GR2

(
q−1

)
=

λH2

(
q−1

)

1 − λq−1

Note that

tr{(Φ ⊗ I2)Σ}

=
1

2π

∫ π

−π

tr{(Φ ⊗ I2)S
∆β̃

(ω)}dω

=
(2n − 1)σ2

v

2
I

[
FR

(
z−1

)]

+
σ2

v

2
I

[
GR1

(
z−1

)]
+ b2σ2

w I
[
GR2

(
z−1

)]

where

I[X(z−1)] =
1

2πj

∮
X(z−1)X(z)

dz

z

is an integral evaluated along the unit circle in the
Z-plane, and X(z−1) denotes any stable proper
rational transfer function.
Using residue calculus one obtains

I
[
FR

(
z−1

)]
=

4(1 − λ)

1 + λ
∼= µ

I
[
GR1

(
z−1

)]
=

4(1 + δ − λ − 3λδ + 2λ2)

(1 − λ)(1 + 2λ + δ)

∼=4γ

µ
+ µ

I
[
GR2

(
z−1

)]
=

λ2(1 + λ)

(1 − λ)(1 − δ)(1 + 2λ + δ)
∼= 1

µγ

which, after straightforward calculations, leads to
(8).
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